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Abstract. For every bounded planar domain D with a smooth boundary, we 
define a "Lyapunov exponent" A(L') using a fairly explicit formula. We consider 
two reflected Brownian motions in D, driven by the same Brownian motion (i.e., 
a "synchronous coupling"). If h.{D) > then the distance between the two 
Brownian particles goes to exponentially fast with rate h.{D)/{2\D\) as time 
goes to infinity. The exponent A(Z)) is strictly positive if the domain has at most 
one hole. It is an open problem whether there exists a domain with A(Z)) < 0. 

1. Introduction and main results. 

Suppose D C R^ is an open connected bounded set with C"^-smooth boundary, not necessarily 
simply connected. Let n(a;) denote the unit inward normal vector at x G dD. Let B be standard 
planar Brownian motion and consider the following Skorokhod equations, 

Xt=xa + Bt+ I n{Xs)dL^ for t > 0, (1.1) 
Jo 

Yt=yo + Bt+ I n(y,)dLf for t > 0. (1.2) 
Jq 

Here L"^ is the local time of X on dD. In other words, is a non-decreasing continuous process 
which does not increase when X is in D, i.e., lD{Xt)dL^ = 0, a.s. Equation (1.1) has a unique 
pathwise solution {X, L^) such that Xt £ D for all t > (see [LS]). The reflected Brownian motion 
X is a strong Markov process. The same remarks apply to (1.2), so {X,Y) is also strong Markov. 
We will call {X, Y) a "synchronous coupling." Note that on any interval (s, t) such that Xu G D 
and Yu £ D for all u E (s, t), we have Xu — Yu= Xg — Yg for all u G (s, t). 

Before we state our main results, we will introduce some notation and make some technical 
assumptions on dD. We will assume that for every point x £ dD, there exists a neighborhood U of 
X and an orthonormal system CSx such that n{x) = (0, 1) and x = (0, 0) in CSx, and dD n C/ is a 
part of the graph of a function 2/2 = ipx{yi) satisfying tpxivi) = (l/2)i/(x)y^ -|- 0{y\). This defines 
the curvature z^(x) for dD at x. We will assume that there is A'^i < 00 such that for every unit 
vector m, there are at most A'^i points x G dD with n(a:) = m. Recall that dD is assumed to be 
C^-smooth. We will assume that there is only a finite number of x G dD with u{x) = and that 
for every such x, we have ipxiui) = CxVi + 0{yf) with Cx 7^ 0. The distance between x and y will 
be denoted d(x,y). 
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Theorem 1.1. IfD satisGes the above assumptions and it has at most one hole then d{Xt,Yt) — 
as f — ^ oo, a.s., for every pair of starting points {xq, yo) E D x D. 

The above theorem complements the results in [BC] where it has been proved that the distance 
between Xt and Yt converges to as t — oo for two classes of domains: (i) polygonal domains, i.e., 
domains whose boundary consists of a finite number of closed polygons, and (ii) "lip domains", i.e., 
bounded Lipschitz domains which lie between graphs of two Lipschitz functions that have Lipschitz 
constants strictly less than 1. The number of holes plays no role in the case of polygonal domains 
but it is an open problem whether it does in the case of smooth domains (see Section 2). 

Earlier research of Cranston and Le Jan ([CLJl, CLJ2]) on synchronous couplings of reflected 
Brownian motions was focused on convex domains. In that case, it is clear that t — > d{Xt,Yt) is 
non-increasing. Cranston and Le Jan proved that for a large class of convex domains, d{Xf,Yt) > 
for all t > 0, a.s., if d{XQ,YQ) > 0. The present paper, especially Theorem 1.2 below, answers a 
problem posed at the end of [CLJl] and improves on the estimate given in the Appendix of [CLJ2]. 

Next we will present our main technical result on the "Lyapunov exponent," which is a crucial 
step in the proof of Theorem 1.1. We need some more notation. Let = inf{s > : > t}. 
For every bounded planar domain D we have limt^oo Lf^ = oo so < oo for all t > 0, a.s. 
The arc length measure on dD will be denoted "dx", e.g., we will write jg^ f{x)dx to denote 
the integral of / with respect to the arc length. For any x, y G dD, we let a{x,y) be the angle 
formed by the tangent lines to dD at x and y, with the convention that a{x,y) G [0,7r/2]. For 
every point x G dD, let ujx{dy) be the "harmonic measure" on dD with the base point x, defined 
as follows. Let K{x,y), y £ D, he the Martin kernel in D with the pole at x, i.e., the only (up 
to a multiplicative constant) positive harmonic function in D which vanishes everywhere on the 
boundary of D except for a pole at x. Then we let LVx{dy) = Ux ^^^^dy where the constant ax is 
chosen so that limj^^^; Trd{x,y)^u>x{dy)/dy = 1. Let \D\ denote the area of D. 

Theorem 1.2. Let 

A{D) = / i'{x)dx + / / \logcosa{x,y)\uJx{dy)dx. (1-3) 

JdD JdD JdD 

If A[D) > 0, then for any xq, yo G D, a.s., 

lim = (1.4) 



By the Gauss-Bonnet Theorem, the first integral in (1.3), that is, Jgjyi'{x)dx, is equal to 
27rx(-D), where x{D) is the Euler characteristic of D. In our case, x(-D) is equal to 1 minus the 
number of holes in D. We are not aware of a simple representation of the second (double) integral 
in (1.3). The integral Jq^ v{x)dx, which appeared in [CLJ2], emerges in our arguments as the limit 
of (1/t) /q v{X,)dLf when t oo. See [H] for some results involving u{Xs)dL^ . 

It is elementary to check using the definition (1.3) that A(Z)) is invariant under scaling, i.e., 
for any a > 0, A(D) = K{aD), where aD = {x G : a; = ay for some y G D}. 
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Wc will now explain the intuitive content of Theorem 1.2. The disc with center x and radius 
r will be denoted B{x, r). Suppose that at some time t, d{Xt,Yt) is very small so that when one of 
the processes is on the boundary of the domain then dD looks like a very flat parabola inside the 
disc 2d(Xt, Ft)). Suppose further that the line segment ^ti^t is "almost" parallel to dD. 

Then the local time components in (1.1) and (1.2) will be almost identical over a short time period 
\t, t + At], except for a small difference between the reflection vectors due to the curvature of dD. 
This small difference translates into the first integral in (1.3). From time to time, X makes large 
excursions from dD, whose endpoints are at a distance comparable to the diameter of D. At the end 
of any such excursion, one and only one of the processes X oi Y gets a substantial local time push, 
until again Xt,Yt is almost parallel to dD. This results in the reduction of d{Xt,Yt) by a factor 
very close to cos a(x,y), where x and y are the endpoints of the excursion. The double integral 
on the right hand side of (1.3) represents the change in d(Xt,Yt) due to large excursions. We 
find it surprising and intriguing that the magnitudes of the two phenomena affecting the distance 
d{Xt,Yt), described above, are comparable and give rise to two "independent" terms on the right 
hand side of (1.3). 

We will briefly sketch the idea behind the proof of Theorem 1.2. First, we prove that the 
distance between the particles will be small at least from time to time, so that we can apply 
methods appropriate for processes reflecting on very flat parabolas. The main part of the proof 
deals with the two phenomena described in the previous paragraph. When the line segment Xf , Y-t 
is "almost parallel" to dD and one or both processes reflect on dD, the change of d{Xf,Yi;) is 
"almost" deterministic in nature and so are our methods. The change in d(Xj,y^) due to "large" 
excursions of Xt in D is much harder to analyze and that part of the proof is very complicated. We 
list here several of the challenges. First, it is conceivable that even a single excursion may result in 
a reduction of d{Xt,Yt) to 0, if the endpoints of the excursion are at x, y G dD with cos a{x, y) = 0. 
Proving that this is not the case takes considerable effort. Second, we use excursion theory and 
crgodicity of Xt to prove that \ogd{Xt,Yt) obeys a strong law of large numbers, in the sense of 
(1.4). The problem here is that although Xt is recurrent and ergodic, the vector process {Xt,Yt) 
is neither, and so we have to analyze the behavior of Yt by proving that it is "close" to that of Xt. 
Finally, one has to find upper bounds for probabilities of various "unusual" events which clearly 
cannot happen, from the intuitive point of view, but which have to be accounted for in a rigorous 
argument. 

The rest of the paper is organized as follows. Section 2 is devoted to the discussion of some 
open problems and examples, mostly related to Theorem 1.1. It also contains a (very short) proof 
of Theorem 1.1. The proof of Theorem 1.2, consisting of many lemmas, is given in Sections 3 and 4. 
Most arguments in Section 3 are deterministic or analytic in nature. Section 4 contains arguments 
based on the excursion theory. 

Wc arc grateful to Greg Lawler, Nick Makarov, Don Marshall and Balint Virag for very useful 
discussions and advice. 

2. Examples and open problems. 

The paper was inspired by the following problem which still remains open. 
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Problem 2.1. (i) Does there exist a bounded planar domain such that with positive probabihty, 

limsupd(Xt,Yf) > 0? 

(ii) Does there exist a bounded domain D with A{D) < 0? 
The two problems are related to each other via the following conjecture. 
Conjecture 2.2. If A{D) < then with probability one, lim supj^,;^) d(^t, Yt) > 0. 

We believe that the above conjecture can be proved using the same methods as in the proof 
of Theorem 1.2. Since wc do not know whether any domains with A(D) < exist, we have little 
incentive to work out the details of the proof for Conjecture 2.2. 

A technical problem arises in relation to Problem 2.1 (i) — it is not obvious how to define a 
"synchronous coupling" of reflected Brownian motions in an arbitrary domain. It is desirable from 
both technical and intuitive point of view to have the strong Markov property for the process 
(Xt,Yt). Sec [BC] for a discussion of these points. So far, the existence of synchronous couplings of 
reflected Brownian motions with the strong Markov property can be proved only in these domains 
where the stochastic Skorokhod equations (1.1)-(1.2) have a unique strong solution. A recent paper 
([BBC]) shows that this is the case when D is a planar Lipschitz domain with the Lipschitz constant 
less than 1. 

We will next present some speculative directions of research related to Problem 2.1 (ii). We 
start by explaining how Theorem 1.1 follows from Theorem 1.2. 

Proof of Theorem 1.1. If D has at most one hole then the first integral on the right hand side 
of (1.3) is equal to 2tt or 0, by the Gauss-Bonnet Theorem. The integrand in the double integral in 
(1.3) is non-negative and it is easy to sec that it is strictly positive on a non-negligible set. Hence, 
A{D) > and, consequently, (1.4) holds, according to Theorem 1.2. Thus, Theorem 1.1 follows 
from Theorem 1.2. □ 

The above proof suggests the following strategy for finding a domain with A{D) < 0. One 
should find a domain where the first integral on the right hand side of (1.3) is significantly less 
than zero. This is because the contribution from the second term is always non-negative. In other 
words, one has to consider domains with many holes because, as we have already mentioned in 
Section 1, the first term is equal to 1 minus the number of holes, multiplied by 2it. The obvious 
problem with this strategy is that punching holes in a domain may increase the double integral on 
the right hand side of (1.3), and this may offset the effect of holes on the first integral. 

Here is a possible avenue of research based on the above idea. Suppose that D has a large 
number of small holes. Here "small" means that the holes have diameters very small in comparison 
with the diameter of the domain. Let us assume that distances between different holes, and distances 
between holes and the outside boundary of D are large in comparison with diameters of holes. Then 
it is not hard to see that the right hand side of (1.3) is very close to the sum of analogous formulas 
for each connected component of dD. In other words, there is little interaction between different 
connected components of dD, if the holes are small and far apart. If we can find a hole with the 
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shape which yields A{D) < for a single hole, then A(D) < for a domain D with a large number 
of small holes of this shape. 

Simple heuristic estimates show that if dD has "approximate" corners, like a polygonal domain 
(the corners have to be "approximate" because the domain has to be smooth), then the double 
integral on the right hand side of (1.3) is very large. Domains, or rather holes, with this property 
will not help us in our search for a domain D with A{D) < 0. The ultimate domain without corners 
is a disc. At the moment we are concerned with "holes" so we will find A(D) for D which is the 
exterior of a disc. 

Recall that a disc with center x and radius r is denoted B{x,r). 

Proposition 2.3. If D = B{{0,0), 1)" then A{D) = 0. 

Proof. Recall that the first integral in (1.3) is equal to — 27r. We will parametrize dD using 
9 G [0, 27r) and writing x = e*^ for x € dD. The formula for the harmonic measure in D is well 
known and easy to derive using standard complex analytic methods (conformal mappings). This 
easily leads to the following formula for the "harmonic measure" Ux, 



dy 47rsin^(^)' 
where x = e*^ and y = e*^ . Thus the double integral in (1.3) is equal to 



27r /.27r 



I log I cos(6' - 9') 
47rsin2(^) 



/■27r 

7. 



log I cos(0)|| 



47rsin^(0/2) 



^ |log|cos(^)|| 
sin2(^/2) 



d9. 



We have 



/ 

^0 



I log I cos (0)1 1 



d9 



■it/2 



log cos{9) 



d9 



sin^(0/2) Jo sin2(0/2) 

= [2{9 + cot(0/2) log cos 9 - log(cos(e/2) - sin(0/2)) + log(cos(0/2) + sm{9/2))] 
= 7r + 21og2. 



?=7r/2 
?=0 



and 



I log I cos (g) 1 1 
/2 sm\9/2) 



d9 



/•71 



log(— cos{9)) 



d9 



12 sm^{9/2) 
2{9 + cot(0/2) log(- cos 9) - log(sin(0/2) - cos(^/2)) 



+ log(cos(6'/2) + sin(6l/2)) 
vr - 2 log 2, 



?=7r/2 



so 



27r /■27r 



JQ Jo 



log I cos{9 - 9') 
47rsin2(^) 



'-d9d9 



|log|cos(^)|| 
sin2(^/2) 



d9 = 27r, 



and k{D) = 0. 
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We have proved that A(Z)) = for the exterior of a disc by a brute force calculation. It is a 
natural question whether the same result follows from some elegant symmetry argument — we have 
not found one so far. 

Since A{D) = for the exterior of the disc, discs are not helpful as holes in the (hypothetical) 
construction of a domain D with A{D) < 0. Our next observation is that the exterior of a line 
segment would be a great candidate for a useful hole. This is because for any points x and y on 
a line segment, we have a{x,y) = and, therefore, the double integral on the right hand side 
of (1.3) vanishes for the exterior of a line segment. Hence, A(D) < for the exterior of a line 
segment. Unfortunately, we cannot use line segments as holes because their boundaries are not 
smooth. Instead, we can try a domain "close" to a line segment but with a smooth boundary. A 
natural candidate is a very elongated ellipse. Our preliminary numerical calculations showed that 
A{D) = for the exterior of any ellipse. We are grateful to Balint Virag for the following rigorous 
proof of this result. 

Proposition 2.4. If D is the exterior of an ellipse then A{D) = 0. 

Proof. We will use complex analysis and complex notation in this proof. Recall that A(D) is 
invariant under scaling. Hence, we can consider any ellipse with the given eccentricity. In other 
words, it is enough to prove that the proposition holds for any ellipse D that can be represented 

as -D = g{U), where U = B{0, 1), g{z) = z + a/z, and a is any real number in (0, 1). 

We start by proving the following claim. Suppose that / is an analytic function in U, /(I) is 
purely imaginary, and /'(I) is real. Then 

1 f mix) 



-\dx\ = -f{l). (2.1) 

JdU |1 - 

Since ^f{y) is harmonic in U and continuous on U, 

my) = ^ [ m{x)^^^\dx\, 

'^'^ JdU \y ~ x\ 

for y E U. We have assumed that /(I) is imaginary and /'(I) is real, so, by dominated convergence, 



r^O,r>0 r r^O,r>0 ZVr J gij r\l — r — X]'' 

1 f 5R/(x) 



71" JdU I'i^-x 



\dx\. 



We have shown that (2.1) holds. 

The first integral in (1.3) is equal to — 27r. It will suffice to show that the second (double) 
integral is equal to 27r. The second integral in (1.3) is equal to 



1 



( . \9'iy)\ \ 



JdU JdU \x-y\ 

Note that g'{z) = I — a/z^ and for z € dU, z = l/z. Let (5 = l/{2g'{y)y) for some y G dU . If we 
write h{x) = 3ft then for x G dU , we have 



h{x) = ^{2pg'{x)x) = pg\x)x + Pg'{x)x = /3(1 - a/x'^)x + (3{1 - ax'^){l/x). 
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We have 

^ \W{x)\ yg'iy)) '°Hb'(^)l Wiy))) °Hb'(^)|y' ^ ^ 

Hence, 

Recall that |y| = 1. Substituting x = y/v, we see that the last integral is equal to 

TT^ij |a;-i/P |y| tt Vajj |l-t;|2 

We have 

h(,,M 9'{y) _ m - a/{y/vf){ylv)+m - a{y/vf){l/{y/v)))g'{y) 

^ g'{y/v) _ l-a/{y/vY 

^ y v^(0-aP)+y^P-aP) 

V y CLV'^ 

Let _ _ 

V 9 {y/v); y^-av^ 

and note that, since = 1, 

1 f 3^1og(%/^)-^) ,^ 1 /• jftlogfe(^) |, , 

Next we will verify that (2.1) can be applied to f{x) = log k{x). We have for y G dU, 

1 1 y 



2g'{y)y 2{l -a/y^)y 2{y^ - a)' 

y i/y y 



2{t-a) 2((l/y)2-a) 2(1 -ay^)' 

/? 1 - ay2 ' 
13- a(5 _ 2{y^-a) ~ "'2(i-ay2) 1 + tt^ - 2ay2 



^(^^) = 9'{y)y 



P-aP 2(i-V) ~ "2(^^ y2 - 2a + a2 

^;2(^ - a/3) + y\p- aP) 1 v''(p~ a0) + y^P - aP) 



y^ — av^ 2(3 y^ — av^ 



^^^^ _ 1 {P-a(3)+ - a(3) _ (/?//? - a) + y^{l - a(3/(3) 



2(5 y^-a 2{y^ - a) 



1, 



k'{v) = g'{y)y 

k'{v)/k{v) 



{\ogky{i) = k'{i)/k{i) = 



2{y^-a) 

logfe(l) = 0, 

2v(p - aP){y^ - av^) + 2av[v^(p - a/3) + y^{P - aP)] 
(y^ — af ' 

2v(P - af3){y'^ - av^) + 2av[v'^(P - a/3) + y^{p - aP)] 
(y2 - av^ )[vHTi- a[3) + y^i(3- a(3)] ' 

2(P - a(5){y^ - a) + 2a[{p - a/3) + y\P - 



(y2-a)[(/3-a/3)+y2(/3-a/3)] 
2(^ - a/3) 2a 



{P-aP) + y^P-aP) {y^ - 
2 2a 



a 



2 2a 

+ 



1 + ^'^'"^ 
2(y2 - 2a + a^y^) _^ 2a 



2y2 _ 2a + 2a2y2 _ 2ay4 {y^ - a) 

(1 - «-)r 

(y2 - a)(l - ay2) 
= (1 — a 



(l-a/y2)(l-ay2) 



= {l-a^)- 2^eR. 

|1 — ay^p 

Since 3filogA;(l) = and (logA;)'(l) is real, we can apply (2.1) to obtain 



and 



The function (y2^„)('i}Zy2) has two poles inside U, at y = ±y^, and the residue is equal to 1/2 at 



{y^-a){l-ay^) 

each of these points. Hence, by the residue theorem, the right hand side of (2.2) is equal to 27r. 
This completes the proof of the proposition. □ 
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The last result raises some questions, but before we state them as a formal conjecture, we rush 
to add that it is very easy to see that A(D) > for exteriors of some convex smooth domains, for 
example, those that have "approximate" corners. 

Conjecture 2.5 (i) If D is the exterior of a simply connected domain then A{D) > 0. 

(ii) If D is the exterior of a simply connected domain and A{D) = then is a disc or an 
ellipse. 

Another problem, hard to state as a formal conjecture, is to find an (easy) way to derive A(L>) 
for the exterior of an ellipse from the value of this constant for the exterior of a disc. We point out 
an obvious fact that A(D) is not invariant under conformal mappings. It is not hard to see that 
A(D) is not invariant under the transformation (xi,X2) i-^ {cxi,X2)- 

Problem 2.6. Let D be the exterior of a disc. Is it true that d{Xt, Y^) — as t — oo, a.s.? 

The last problem might be hard because it deals with the "critical" case, i.e., the case when 
A(D) = 0. On the other hand, the symmetries of the disc might be the basis of a reasonably easy 
proof, specific to this domain. 

3. Analysis of Skorokhod transforms. 

Notation. The following notation will be used throughout the paper. 

All constants ci, C2, . . . will take values in (0, oo) unless stated otherwise. We will write a\/b = 
max(a, 6) and a A 5 = min(a, b). Recall that the distance between x,y G is denoted as d(x, y); 
the same symbol will be used to denote the distance between a point and a set, etc. Our arguments 
will involve elements of R or R^, and one- or two-dimensional vectors. We will use | • | to denote 
the usual Euclidean norm in all such cases. For x,y £ R^, the meaning of \x — y\ is the same 
as that of d(x, y) but we will nevertheless find it convenient to use both pieces of notation. The 
disc with center x and radius r will be denoted B(x,r). Recall the definition of curvature ^{x) 
at a point x G dD, from the Introduction and let v* = sup^^g^ 1^(^)1- The unit inward normal 
vector at a; e dD will be denoted as n{x). We will indicate coordinates of points and components 
of vectors by writing Xt = (X^X^), Yt = {Yt\Yt^), Bt = {BlBf), and n(,T) = (ni(,x), n2(x)), 
but this notation may refer to a coordinate system specific to a proof and different from the usual 
one. The angle between vectors p and r will be denoted Z(p,r), with the convention that it takes 
values in [0,7r]. Recall that a(x,y) = Z(n(a;), n(j/)) A (tt — Z(n(x), n(y))), for G dD. 

The area of D and the length of its boundary will be denoted \D\ and |5D|, resp. 

The distribution of the solution {{Xt,Yt),t > 0} to (1.1)-(1.2) will be denoted and the 

distribution of {Xt,t > 0} will be denoted P^. We will suppress the superscripts when no confusion 
may arise. We will denote the usual Markov shift operator by 9t. 

In the first of our lemmas, we will prove that for an arbitrarily small £q > 0, for any two 
points xo,y() G D, two synchronously coupled reflecting Brownian motions X and Y starting from 
Xq and yo respectively will come within e-distance from each other in finite time a.s. This claim is 
very similar to Lemma 3.3 of [BC] but sufficiently different to make it impossible for us to use that 
lemma in the present paper. Regrettably, we could not find a shorter proof of this seemingly quite 
intuitive result. 
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We will write r+ = T+{e) = mf{t > : d{Xt,Yt) > e} and r" = r-(£) = inf{t > : 
d{Xt,Yt)<e}. 

We remark that the following lemma holds for smooth domains in any dimension. 

Lemma 3.1. Consider any > 0, any Xo,yo € D, and assume that {Xo,Yo) = {xo,yo)- Then 
T~{£o) < oo a.s. 

Proof. The proof will consist of several steps. In the first two steps, we will prove some properties 
of the deterministic Skorokhod mapping. 

Step 1. Let 7 = (7^,7^) : [0,oo) — > be a continuous function with 7(0) G D and finite variation 
on each bounded interval of [0,oo). Let [7J s,t denote the total variation of 7 on We will 

use analogous notation for other functions. By the results of [LS], there exists a unique pair of 
continuous functions (3 : [0, 00) D and rj : [0, 00) — > with the following properties: 

(i) [v\ s,t < L7J s,t for every 0<s<t, 

(ii) = 0, where It = [r]\o,t, 

(iii) rit = J* n{l3s)d£s for every t>0, and 

(iv) A, =7t + ?7i,foralH>0. 

Wc will call 7]) the Skorokhod transform of 7; sometimes we will call /? the Skorokhod 
transform and denote [3 by 5(7). 
We will show that 
(La) [I3\s,t < l'l\s,t for alH > s > 0, and 

(Lb) for ci e (0, 1), C2,C3 G (0, 00), there exists C4 > such that if (3^^ — Pq < {'i- — ci)(7t\ ~ To)' 
7ti - 7o > C2, and L7jo,ti < C3 then [7jo,ti - L^Jo,ti > C4. 

According to (8') of [LS], 

dlt = -l8D{Pt){n{(3t), d^t) (3.1) 

and so 

dpt = djt + niPt)dk = d^t - laD(A)n(A)(n(A), ^^7*)- (3-2) 

This proves that < \.l\s,t for any < s < i.e., this proves (La). 

Let 9t denote the angle between n(/3t) and d'yt whenever (3t G dD and d'yt is defined. Otherwise, 
define 6t = 7r/2. Note that it is non-decreasing, by its definition in (ii), so (3.1) implies that 
Ot e [f , tt]. Recall that n(x) = (ni(x), n2(x)). By (3.2), 

/ \cos9s\\d'js\ > / ni{l3s)cosesd'ys 
Jo Jo 

= (7t\-7o')-(/3*\-/3o') 
> ci(7ti -7o) > C1C2. 

Since J^^ \djs\ = [7]o,ti < C3, for 5 := min{l, ci 02/(203)} we have from the above 

tl 

\cosds\l{e^el^+s,-K]}\d'ys\ > ciC2 - C3sin(5 > C1C2/2. (3.3) 
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On the other hand, \d(3t\ = \d'yt\ sinOf and so 

LtJo,*! - L/5Jo,ti = / (1 - sin 1^7^ I 
Jo 

1 Z"*^ 

l{e,e[f+5,7r]}|cos |(i7s| 

C1C2 sin (5 

> := C4. 

4 

This proves (l.b). 

Step 2. Since D is bounded and has a smooth boundary, there is a constant ci < 00 such that any 
two points x,y e D can be connected by a C°° curve inside D of length ti =ti{x,y) < c\. Consider 
any x^y ^ and fix some C°° curve 7 : [0, ti\ — D with the natural (length) parametrization, 
and such that ti < ci, 70 = x and 7^^ = y. 

In this step, we will extend the definition of 7 from [0, ti\ to [0, 00). We will show that for any 
D and £ > 0, there exists a constant C2 G [ci,oo) such that any curve 7 defined initially on [0, ii] 
may be extended to [0, 00) in such a way that for some t < C2, 

ht-S{-f + y-x)t\<e. (3.4) 

Recall that 5(7) is the Skorokhod transform of 7 (sec Step 1). 

Let {/3t,0 < t < ti} be the Skorokhod transform of {7* + 7*1 — 7o;0 < i < ti}, defined as 
in Step 1. We will inductively define 74 for all t > 0. Let 7* = Pt-ti for t G [ii,2ti], and let 
{l3t,t G [ti,2ti]} be the Skorokhod transform of {74 + 724^ — Jn^t G [ii,2ti]}. We continue by 
induction, i.e., we let 7^ = (3t-kti for t G [kti, {k + l)ti], , k > 2, and wc let {(3t,t G [kti, {k + l)ti]} 
be the Skorokhod transform of {74 + 7(fe+i)ti — 7fetn ^ G [Hi, (A; + l)ii]}. Note that both 7^ and Pt 
stay in £) for all t >0. Clearly 

P = S{j + y-x) and 7^ = for every t > ti. (3.5) 

By (La) in Step 1 and (3.5), we have [7js,t < t — s for all < s < t < 00. 

If I70 — /3o| ^ £ then we are done. Otherwise, at least one of the following inequalities holds, 
|7q — /3q| > e/2 or |7q — /3q| > e/2. Wc will assume without loss of generality that it is the 
first of the two inequalities that holds and we will make another harmless assumption that in fact 
70 — /3o ^ ~^/2, or, equivalently, jj^ — 7o > s/2. Let C3 be the diameter of D. Fix some C4 G (0, 1) 
and integer j > 1 such that Ylk=i c\~^e/2 > 2cs- If we had 

Tfeti - 7(\-i)ii ^ C4(7(fc_i)ti - 7(\-2)ti) fo'^ every 2<k<j, (3.6) 
then we would obtain 

- = E - 7(Vi)*. > E ^4-'e/2 > 2C3, 
fe=i fc=i 
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and that would contradict the definition of C3 as the diameter o{ D. So there must be some ko < j 
such that 

7feoti - 7(feo-i)ti ^ (^'iil(ko-i)ti - 7(\o-2)ti)- (3-7) 
Let ko be the smallest integer with this property. Then 

Tfcti -7ffe-i)ti ^ C4(7(fc_i)t^ -7(fc-2)ti) 
for all k < ko and so "yj^k^_i^f^ — 7(\(,_2)ti — ^^/^- "^^^ following is equivalent to (3.7), 

/5(fco-l)ti -/5(fco-2)ti ^ C4(7(\jj_i)t^ -7(\o-2)ti)- 

By (l.b) of Step 1, for some C5 > 0, 

L7j(fco-2)ti,(fco-l)ti - L/?J(fco-2)ti,(fco-l)ti >C5. (3.8) 

If L7j(fc-i)ti,fcti < £ for some k<j + l then 

l7(fc-i)ti - P(k-i)ti \ = h(k-i)ti -7fctil < ['y\{k-i)ti,kti - 

and we can take C2 = jti, i.e., there exists t < jti with {jt — Pt\ < £• 
If L7J (fc-i)ti,/cti > ^ fo^ < j + 1) then by Step 1 and (3.8), 

j 

b/\o,jti - lP\o,jti = '^l'y\ik-l)ti,kti ~ lP\{k-l)tukti 
k=l 

^ L7j(fco-2)ti,(feo-l)ti ~ L/^J(fco-2)ti,(feo-l)ti ^ C5. 

Thus we have shown that either there exists < t < jti with |7t — /3t| < e or L7jti,(j+i)ti = 
L/^Jojti < L7jo,jti — C5. The same argument shows that either there exists t G [kti, {k + j)ti] with 
lit - /3t\<e or 

L7j(fe+l)ti,(fc+H-j)ti = lP\ktu{k+j)ti < L7jfcti,(/c+j)ti -C5- (3.9) 

Recall that [7jo,ti = h < ci, and L7jfeti,(fe+i)ti = lP\{k-i)ti,kti ^ L7j(fc-i)ti,fcti for all k. Hence, 
[7jo,jti < jci, and if (3.9) holds for all k < m, then 

< L7jmti,(m+j)ti < jCl - mC5. 

This can be true only if m < jci/c^. Hence, for some k < jci/c^ + 1 and some t G [0, (A; + j)ti] we 
have |7t - Pt\ < £■ 

Step 3. First, we will present a version of the "support theorem" stronger than that given in 
Theorem I (6.6) in [Ba]. Recall that one calls a continuous non-decreasing function ip : [0, cx)) — ^ 
[0, cx)) with V'(O) = a modulus of continuity for a function 7 : [0, ti] if for all s.t G [0,ti] 

we have |7t — 7<j| < ^/J{\t — s\). Let denote the family of all functions 7 : [0, ii] R^ with 

modulus of continuity -(/;• Let P denote the Wiener measure on C[0,ti]^, i.e., the distribution of 
the planar Brownian motion. It follows easily from the existence of "Levy's modulus of continuity" 
(see Theorem 2.9.25 in [KS]), that for every G (0, 00) and po < 1 there exists such that 
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P(^V>*i) Po- This fact can be used to modify the proof of Proposition I (6.5) of [Ba] to show 
that there exists tp such that for any e > one can find pi > with 

P({7 e JC^M ■ sup |7t| < e}) > pi. (3.10) 

0<t<ti 

Let il^x{t) = i^{t) + Xt and for ^ : [0, h] R^, let 

/C^,ii,</i,£ = {7 e ^V,ti • sup |7t-^t|<£}. 

0<t<ti 

If 7 G IC.^,ti and is Lipschitz with constant A then 7 + G K,^^,ti ■ The proof of Theorem I (6.6) 
in [Ba] can be easily modified to yield the following version of the support theorem. Suppose that 

e,Pi > and ijj satisfy (3.10). Then for every A,ti < 00 and e' > one can find P2 > such that 
for any function : [0,ti] which is Lipschitz with constant A and satisfies (/)(0) = 0, we have 

^{^i>i,,ti,<l>,e') ^ 'P2- The important aspect of the last assertion is that p2 does not depend on cf). 
Fix a function if) satisfying this statement for the rest of the proof. 

Recall that S{^) denotes the Skorokhod transform of 7 (see Step 1) and let £0 be as in the 
statement of the lemma. Let ci be the constant defined in Step 2 and C2 > ci be the constant in Step 
2 relative to £o/5 in place of e. By Theorem 1.1 in [LS], the Skorokhod mapping S : C([0, C2], R^) 
C([0, C2],R^) is Holder continuous on compact sets. Let /C = {7 G /Cv2,c2 • To £ D}. The set /C is 
compact so one can find £1 G (0,£o/5) such that if 7,7 G /C and \% — lt\ < £1 for < t < C2, then 
|<S(7)t - <S(7)t I < £0/5 for < i < C2 . _ _ 

Recall from Step 2 that for every pair of points x,y € D there is a curve 7 = 7^'^ : [0, cxd) — ^ D 
such that 7o = x, 7^^ = y for some < ti < ci, and [7J s,t ^ t — s, for all s and t in [0, ti]. By Step 
2, we can extend 7 to be a curve in D satisfying (3.4) and (3.5). Note that 7 is a Lipschitz curve 
on [0, 00) with Lipschitz constant 1. 

Recall that reflected Brownian motions Xt and Yf are defined in (1.1)-(1.2) relative to a Brow- 
nian motion Bt and assume that Xq = x and Yq = y. Find P2 > such that P(A^V2,c2,<^,ei) — P2 
for every Lipschitz function (f) with Lipschitz constant 1 satisfying ^(0) = 0. It follows that 

P {{Bt + X,0<t<C2} e /Cv,2,C2,7-.^e J > P2- (3.11) 

Consider lo such that B.{uj) + x G ^ip-2,c-2,i'''y ,ex C /C^2,C2- Then 

\S{B. + x)t - 5(7'''^)t| < £0/5 for every < i < C2. 

Clearly B. + y ^ ^ip2,c2 ■ Since \Bt + y — (7^ + y — x)\ < £1 for i G [0, C2], we have 

\S{B. + y)t - 5(7^'^^ + y-x)t\< £0/5 for < i < C2. 

Note that by Step 2 and our choice of C2, there is some to G [0, C2] such that |7^J^ — 5(7^'^ + 
y — x)to\ ^ £0/5, for some to G [0,02]. Note also that since 7[0, 00) C D, by the uniqueness of the 
Skorokhod problem, S{'y) = 7. Combining these observations, we conclude that 

\Xt, -Yt,\ = \S{B. + x)t, - S{B. + y)t, \ 
= \S{B. + x)t, - 7to I + l7to -S{j + y- x)t, \ + |<S(7 + y- x)t„ - S{B. + y)t, \ 
< £0/5 + £0/5 + £0/5 < £0. 
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It follows from (3.11) that there exists P2 > such that for any x,y e D, Xq = x, Yq = y, the prob- 
ability that there exists to ^ C2 with d(Xt„,Ytg) < Eq is greater than p2- By the Markov property 
applied at times jc2, j = 1, 2, the probability that there is no to ^ with d(Xtg, Ytg) < £o is 
bounded above by (1 —p2)^- This implies easily that with probability one, there exists t < oo with 
d{XuYt)<eo. □ 



Lemma 3.2. Let 5{x) denote the Euclidean distance between x and dD. DcGne td = inf{t > 
: Xt ^ D} and TB{x,r) = inf{t > : ^ B{x,r)}. Then there exists ci < oo such that for 
Xo = xo e D, 

P(T"B(xo,r) < Td) < ciS{xo)/r for r > S{xo). (3.12) 



Proof. We are going to prove that (3.12) holds for any bounded C^'^-smooth domain in R", for 

any n > 2. 

Since D is a bounded C^'^-smooth domain, the "uniform" boundary Harnack principle holds 
for D (see [A]), that is, there exist tq > and c > such that for z G dD, r G (0, ro] and any 
non-negative harmonic functions u and v in DnB{z, 2r) that vanish continuously on dDCiB^z, 2r), 
we have 

u(x) u(y) „ „ s 

-rT<c-r^ ioT any x,y e DnB(z,r). 

v{x) v(y) 

Let {K£,{x, z); x ^ D, z & dD} denote the Poisson kernel of the Brownian motion W killed 
upon leaving D; that is, 

E"[</'(Vr,„)] = / KD{x,z)<P{z)aidz) 

JdD 

for every continuous function on dD, where a denotes the surface area measure. Since D is 
bounded C^'^-smooth, it is known (see [Z]) that there are constants C3 > C2 > such that 

C2'^(a;) ^ ^^^^^ ^ C35{x) ^^^^^ xeDandze dD. (3.13) 



\x — Z\"' \x — z\ 

Note that x K£,{x, z) is a harmonic function in D and vanishes continuously on dD \ {z}. 

The lemma clearly holds when 5{xq) > tq/S. This is because, since D is bounded, there is 
R> such that for every xq e D, D C B{xq,R) and so (3.12) holds trivially for r > R. Thus in 
the case of S{xo) > ro/8, (3.12) holds for every r > by choosing ci sufficiently large. 

We now assume S{xq) < vq/S. Without loss of generality, we may and do assume that r > 
85{xo) and B{xq, 2rY H D 7^ 0. We can further assume that r < tq since D is bounded. 

Define h{x) = Px(''"B(xo,r) ^ td)- Clearly, his a harmonic function in D{~\B{xQ,r) and vanishes 
continuously on dD n B{xo,r). Let yo G dD be such that 5{xo) = dist(a;o, yo). By the triangle 
inequality, B{yo,r/2) C B{xo,r). Now take z e D \ B{xo,2r). Since xq G B{yo,r/4), we have by 
the boundary Harnack inequality, 

h(xo) ^ h(x) _ 

< c tor every x G o(yo, r/4). 



Koixojz) Kd{x,z) 
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Let X = xq + ^{xq — j/o)- Note that h{x) < 1, 



1 

— a;o| ^ \z — x\ < 2\z — xo 



and S{x) > r/8. These facts and (3.13) imply that h{xo) < ci5{xo)/r. This proves the lemma. □ 

We fix parameters ai,a2 > for the rest of the paper. We will impose bounds on their values 
later on. Let = C/q = and for A; > 1 define 



We will assume that ai < 1/4. Then it is easy to see that P(C/fc < oo | 5fc < oo) = 1, for every 
k. Finiteness of S'fe's is less obvious. The next lemma contains a result that is significantly stronger 
than the finiteness of Sfe's. This stronger result is needed in later arguments. 

Lemma 3.3. There exist ci, 02,03,04 G (0, 00) and eo,ro,po > with the following properties. 
Assume that Xq G dD, d{Xo, Yq) = e, d{YQ, dD) = r and let 



(i) Ife < eo and r <ro then P{Si < Ti,L^^ - < C2r) > po- 

(ii) If £ <£q and r < cz£ then ^{L's^/\T+{eo) ~ ^0) — '^4^- 

Proof, (i) Recall the notation from the beginning of this section. Let CSi be the orthonormal 

coordinate system such that Xq = and n(Xo) lies on the second axis. Assume that ro < eo < 
l/(200i/*). Let C5 G (0,1/6) be a small constant whose value will be chosen later. The following 
definitions refer to the coordinates in CSi, 



First we will assume that r < e/2. We will show that Tg > r2 A A T4 if Ai holds. We will 
argue by contradiction. Assume that Ai holds and T5 < r2 A T3 A Then Bj - Bq = Y^ — Yq 
for t G [0, Tg] so \BI — Bq \ < c^r for the same range of i's. We have 



Uk 



mi{t > Uk-i : d{Xt,dD) V d{Yt,dD) < a2d{Xt,Ytf}, 
mi{t > Sk : diXt,XsJ V diYt,Ys,) > aid{Xs„Ys,)}. 



Ti = inf{t > : d{Xt,Xo) V d{Yt,Yo) > cir}. 



T2 
T3 

Ai 
T5 



inf{t > : > 2r}, 

inf{t > : |y/ - 1^0^ I > csr}, 

inf{t > : Ft G dD}, 

{Ti < r2 ATa}, 

M{t > : \Xl -X^\> 2c5r}. 




so ^ xii{Xt)dLf > c^r. We assume that £0 > is so small that for r < £q and x G B{0,2c5r), 
we have n2(x) > \ni{x)\/{2u* ■ 2c5r). It follows that 




n2{Xt)dLt > C5r/{2u* ■ 2c^r) = l/(4z/*). 
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Note that - = - for t G [0, T^]. Since d(Xo, ^o) = £, we have 



d(Xo, Yt)<£ + v/(2r)2 + (c5r)2 < e + 3r < 3e for t < Ta A T3 A 
Therefore for t < T2 A A T4, < 3^. Since T5 < Ta A T3 A it fohows that 

Thus 

- Xl > -\Bl^ - Bl\ + / MXt)dLf 

Jo 

> -6e + l/(4z/*) > -6£o + V(4i^*) > 44eo, 



and X^^ > 44eo + ^0 = 44eo- Let Tq = sup{t < T5 : G dD}. Then Sf,^ - Sf,^ = Xf,^ - Xf,^ > 
44eo — r > 43eo, a contradiction with the fact that — Bg\ < 6e < Geo for s,t G [0, Ts]. This 
proves that Ts > T2 A Ts A T4 if holds. 

We will show that if Ai holds then Si < r4. Assume that Ai holds and let Ty = sup{t < T4 : 
Xt G Note that neither Xt nor Yt visit on the interval (T7, r4). Hence, — = Xt^ — 

Yt^. If £0 and ro are sufficiently small then \Xq — Yq\ > e/2 because r < e/2 and d{Y(^, dD) = r. 
We have assumed that Ai holds so \Y^^ < c^r. We have proved that Tr, > T4 on Ai, so 

\X^^ - ^ol < 2c5r. Recah that C5 < 1/6 and r < e/2. It follows that 

d(XT„yT,) = d(XT„yTj > |^T4 ->^tJ 

> - 1^^, - :^o'l - I^T. - ^ol > - 3c5r > e/4. 

On the other hand, assuming £0 > is small, 

diXr^YT,) < d{XT,,Xo) + d{Xo,Yo) + d{Yo,YT,) 

< 2\X^^ -X^\+e + d(Yo, Yt,) <2- 2c^r + e + 3r < 3£. 

We have 

\Y^^ - = \Y^^ - ^o'l + 1^0 - >^tJ < csr + c^v = 2c^r. 

Since Yt, G 31), Xt, G SD, X^, - Ft. = - Ir^, d{XT,.YT,) < 3e, and -Y^^\ < 2c^r, 
we have Z(n(yT^), n(XT7)) < 2u* ■ 2(3£ + 2c^r) < lQi'*e. This and easy geometry show that 
d{YT,,dD) < 2 ■ 2c^r ■ 16i/*£ = ^\c^Tv*e. Hence, 

< ^^"'7*" = 256c5r^.* < 128c,u*e < S2c,u*diXT„YT,). 

We choose C5 > so small that 32c5Z^* < 02- Then d(YT,,dD) < a2d{XT,,YT,)^ . Wc obviously 
have d(XT,,dD) < a2d{XT,,YT,)'^ because Xt, G dD. This shows that Si < and completes 
the proof that if Ai holds then Si < T4. 

Assume that Ai holds and suppose that J^'^ n2{Xt)dLf > 20r. We will show that this leads 
to a contradiction. Recall that \Bf — B^] < 8r for s,t G [0,T4]. We obtain 

= -Xl> -\Bl^ -Bl\ + I n2{Xt)dLf > -8r + 20r = 12r. 

Jo 
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Recall that T-j = sup{t < T4 : G dD}. We have B^^ - B^^ = Xj^ - X^^ > 12r - r = llr, 
a contradiction with the fact that \Bf — Bg\ < 8r for s,t G [0,T4]. Hence, if Ai holds then 
/(f"* n2(Xt)dLf < 20r. Note that n2(z) > 1/2 for ah x € dD n B{0,6r), assuming that eo > 
is small and r < vq < Eq. We have shown that if Ai holds then > T4, so n2(Xt) > 1/2 for 
t G [0, T4] such that Xt G dD. This implies that, 



(l/2)(Lf^ - L^) < {Vmr, - L^) < r n2{Xt)dLf < 20r. 

Jo 
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We have shown that {Si < Ti, L^^ — Lq < 40r} C Ai. It is easy to see that P(^i) > pi for some 
Pi > which depends only on C5. This completes the proof of part (i) in the case r < e/2, with 
ci = 2 and C2 = 40. 

Next consider the case when r > e/2. Let 

r8 = inf{t>0:d(yt,Xo)>2e}, 
T9 = inf{t >0:Xte dD,d{Yt,dD) < d{Xt,Yt)/2}, 
Tio = inf{t > : Lf - > 20e}, 
A2 = {T4 < Tg}, 
A3 = {Tg < Tg A Tio}. 

We will show that A2 C A^. Assume that A2 holds. First, we will prove that L^^ — Lq < 20s. 
Suppose otherwise, i.e., L^^ — Lq > 20e. Recall that we are using the coordinate system CSi with 
the origin at Xq G dD. Let Tu = inf{t > : \X^ - X^\ > 5s}. We will show that Tu > T4. We 
will argue by contradiction. Assume that Tu < T4. We have assumed that A2 holds, so Tu < Tg. 
Then B} - B^ = Y^^ - Y^ for t G [0, Tn] and 1^^^ - B^\ < 4e for the same range of i's. We have 



'\i{Xt)dLf 



If £0 > is sufficiently small and £ < £0 then n2(.x) > \ni{x)\/{2u* ■ 5s) for x G dD Pi B{0,5s), so 
Jjf" n2iXt)dLf > s/{2v* ■ 5s) = l/(10z^*). We have 5| - Bl = Y^ - Y^ for t G [0,Tn], because 
Tn < T4, so |5| - Bl\ < 4s for s,t G [0,rii]. Recall that £ < £0 < l/(100i/*). We obtain, 

/•Til 

^Tii = ^Tii - ^0 > -|-^Tii - -^ol + / ^2{Xt)dLf 

Jo 

> -4£ + l/(10z/*) > 6£. 

Let T12 = sup{t < Tn : Xt G ST*}. Then -^Ti^ = ^Th --'^Tia ^ 6£-£ = 5e, a contradiction, 
because |5| - B^j < 4£ for s,t G [0,Tii]. This proves that Tn > T4. 

Recall that we have assumed that L^^-Lq > 20s. Wc have n2(x) > 1/2 for x G dDriB{0, 10s), 
assuming £0 > is small and £ < £0. Since Tn > T4, n2{Xt) > 1/2 for t < T4 such that Xt G dD, 
so 

= Xl - Xl > -\Bl - Bl\ + r MXt)dLf > -4s + (1/2)(L^^ - L^) 

Jo 

> -4e + lOs = 6£. 
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Recall that T-r = sup{t < : Xt e dD}. Then B^^ - B^^ = X^^ - X^^ > 6e - e = be, 
a contradiction, because — Bg\ < Ae for s,t G [OjTn]. This proves that if A2 holds then 
L^^ - < 20e < 40r. 

Note that Xt^ - Yt^ = Xt, - Yt^, Yt^,Xt^ € dD, and < T4 < Tn. Assuming that Eq > 
is small, these facts easily imply that the angle between Xx^ — Y^^ and the tangent line to dD 
at Xxy is smaller than vr/S, so d{YTj,dD) < d{XTj,Yxj)/2. Hence, Tg < and, therefore, if A2 
occurs then Tg < r4 < Tg A Tiq. This completes the proof that A2 C A3. 

It is easy to see that P(^2) > P2 > 0, where p2 depends only on eg and D. It follows that 

P{A3)>P2. 

We may now apply the strong Markov property at the stopping time Tg and repeat the ar- 
gument given in the first part of the proof, discussing the case r < e/2. It is straightforward to 
complete the proof of part (i), adjusting the values of ci, C2, eg, tq and po, if necessary. 

(ii) Let ci and C2 be as in part (i) of the lemma, let = 0, and for A; > 1 let 
= M{t > T^-^ : d{Xj,k-i , Xt) V d(K.fe-i , Yt) > cid{Y^k-i , dD)}, 

5 5 5 

r| = inf{t > Tt^ : Lf - L^,^, > C2diY^,-i,dD)}, 

= mi{t > T^-^ : Yt G dD}, 
j.k =T^ /\T^ /\T^^ 

= mf{t > : Xt G dD}. 

Let £0 > be the constant which works for part (i) of the lemma. An examination of the proof of 
part (i) shows that we have in fact proved a statement stronger than that in part (i) of the lemma, 
namely, using the notation of the first part of the proof, 

P(Si < Ti A n, L^^ -L^ < C2r) > po- (3.14) 



Next we will estimate Eid{Yj^k^^+(^^^^,dD). By Lemma 3.2, 

P( sup d{Xt,Xj.k) G [2-^-\2-^] I J'rO < ced{Xj.k,dD)/2-^ 

<C7d{Yj,k-i,dD)/2-^. (3.15) 

Write 7 = d{Yrpk-i,dD), and let jo be the largest integer such that 2~^° > diam(D). Consider j 

5 

such that swpt^[T^ /\T+ {eo)\ ^i-^t^^T^) < 2~^ . It is not hard to show that if jo < j <\ logegl then 
d{Yj.k^^+^^^ydD) < creo2-^ for some C7 < 00. If j > |log£g| then d(Kf,fc^^+(^^), 5i:)) < j+cseo2-^ . 
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This and (3.15) imply that 



< Yl C7eo2-^P( sup ^d{Xt,XT.)e[2-^-\2-^]\J^T,) 

+ Yl + C8£o2-^)P( sup ^ d{Xt,XT.) G [2-^-\2-^] I .F^.) 

+ V (7 + C8£o2-^)P( sup d{Xt,Xr,,)e[2-^-\2-^]\J'r,,) 

< Yl C9£o2-^(7/2-^) 

Jo<J<l log Sol 

+ 7+ E cio£o2-^(7/2-^)+ Y ^ioSo2-^' 

log£o|<.J<| log7| J>|log7 

< ciieo7| logeol + 7 + ci27eo| log7l + ci37eo < 7(1 + ciaeol logeoD- 

Thus 

< l^^.-i<^+(^^)^(l + Ci3£o|log£o|)d(Fj,^.-i^^+(,^),9L>). 

This, (3.14) and the strong Markov property yield, 
E(d(yr.^,+ (,„),5D)1{5 

= E(l{Si>Ti=}l{T,''-i<r+(eo)}E('^(^T|AT+(£o)'^^) I ^T^)) 

dD)) 

< (1 + ci3£o|log£o|)E(d(yyfe-i^^+(^^),5L>)l^y*-i<^+(^^)^E(l{5^>^*} I J^y.-i 

< (l + Ci3£o|log£o|)E(d(yyfc-i^^+(^^),5L>)l^g^>yfc-i^l^y*-i<^+(^^)^ 

X (1 - P(r5'=-^ <Si< r| I Si > T^~'^)) 

< (1 + Ci3£o|log£o|)(l -P0)E(d(yyfe-i^^+(^^),aD)l^g^>yfe-i^l^y*-i<^+(^^)j) 

< (1 + Ci3£o|log£o|)(l -P0)E(d(yyfe-i^^+(^^),5D)l^g^>y.-ijl^j,»=-2^^+(^^)P 

We obtain by induction, 

E id{Yj,k^^+ ) , SL*) 1 >rfc } 1 {yfc- 1 ) } ) 

< (1 + ci3£o|iog£o|)'=(i -^>o)'=Ed(y^o,5i^)• 
l9 



It follows that 

oc 



k=0 

k 



k=0 \ j=0 

00/ k 

k=0 \ j=0 

00 

k=0 

00 

< ^ C2(l + Ci3£o| log £0 1)^(1 - Po)'Ed(yrO, 
fc=0 

If we assume that eo > is sufficiently small, this is bounded by ci4^Eid(Yrpo , dD) = ci4d{YQ, dD). 
□ 



Recall that ai and 02 are parameters in the definitions of Sk 's and Uk 's stated at the paragraph 
preceding Lemma 3.3. 

Corollary 3.4. For any 01,02 > 0, and any starting points {Xo,Yo) = {xo,yo) E D x D, all 
stopping times Sk are finite a.s. 

Proof. Let Sq and vq be as in Lemma 3.3. By Lemma 3.1, there is a finite stopping time Ti such 
that d{XTi , Yt^ ) < £0 Atq. So there exist pi > and ci < 00 such that P(Ti < ci) > pi > 0. Let T2 
be the first time after Ti when either X or y hits dD, and note that dlXT^jYr^) = d{XT^,YT-^) < 
£0 Avq. Let 

n = inf{i > T2 : d{Xt,XT,) V d{Yt,YT,) > C2ro}. 

It is easy to see that P(r2 <r3<oo|ri<oo) = l when C2 > is small. Select such 
C2 > and apply the strong Markov property at T2 and Lemma 3.3 (i) to see that there exists 
P2 > such that P(S'i < | Ti < 00) > p2- On the other hand, for some C3 < cx:, wc have 
P(73 < Ti + ca I Ti < 00) > 1 - P2/2. It follows that P(S'i < Tg < ci + C3) > P1P2/2 and so 
Pj^i > ci + C3) < 1 - By the Markov property, P(5i > fc(ci + C3)) < (1 - for k>l, 

so Si < 00, a.s. 

Recall that P{Uk < 00 | < 00) = 1 for every k, according to the remark made before the 
statement of Lemma 3.3. By induction and the strong Markov property applied at Sfe's and C/fc's, 
all stopping times Sk and Uk are finite a.s. □ 



Lemma 3.5. For any ci > 0, one can choose oi, 02 > and £0 > so that for every k > 1 and all 
s,te {SkAT+{£o),UkAT+{eo)), a.s., 

/.{Xt -Yt,Xs - Yg) < Cid{Xsi,AT+(eo)^^SkAT+{eo))- 
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Proof. Recall that D is assumed to be C^-smooth. Elementary geometry shows that for any 
ci > there exist eo)C^i)«2 > with the following properties. Suppose that x,y G dD and 
r = d{x,y) < £0/2. Let 



With a suitable choice of small eo,ai,a2 > 0, we have (3 < (ci/4)r. 

We will assume that Sk < t~^{£o) because otherwise {SkAT~^{so), Uk/\T^{so)) = and there is 
nothing to prove. Let x G dD be the closest point to Xs^. and let y G dD be the closest point to Ys^. ■ 
Note that if Eq and 02 are small then d(x, y) = r < 2d{Xs^. , Ysk)- We use points x and y to define 
sets Ak, as in (3.16). We will argue that l{Xt - Yt, ~ Y^) < 2j3, for all s, i G {Sk, Uk A T+(eo))- 
Note that Xs^ G ^3 and Y^j. G ^4. This and the definition of (3 imply that ^{Xs^. — Ys^^x — y) < (3. 

Suppose that there exists t G {Sk, Uk A r+(£o)) with L{Xt — Yt,x — y) > /? and let T = mf{t > 
Sk '■ /-{Xt — Yt, X — y) > /?}. By continuity, /.{Xx —Yt,x — y) = p. It is impossible that both 
Xt and Yt are in D, because then we would have Xt — Yt = Xt — Yt for some to > and all 
t G {T — to,T + to). This would imply that /.{Xf — Yf, x — y) = (3 for i G {T — to,T + to), and, 
therefore, 'vai{t > Sk '■ ^{Xf — Yt,x — y) > (3} > T + to, a contradiction. We will show that it 
cannot happen that Xt,Yt G dD. Suppose that it is true that Xt,Yt G dD and recall that we 
are working under assumption that T < Uk- The definition oi Uk implies that Xt G A3 C Aj and 
Yt E A4 C As. Since A{Xt — Yt,x — y) = /3, it follows that the suprcmum in the definition of /? is 
attained for points xq, xi,yo,yi G dD (take xq = x,yo = y, xi = Xt and j/i = Yt). Easy geometry 
shows that this cannot be the case because we can slightly move either yo or Vi into the interior of 
D to increase the value of L{xq — yo,xi —yi). 

Suppose without loss of generality that Xt G dD and Yt € D. For some random ti > 0, 
the process Y will not touch the boundary within [T, T + ti], while the local time L-^ will have 
a non-zero increment, a.s. It is easy to see that the local-time-term push that X will get over 
[T, T + h] will make l{Xt -Yt,x- y) smaller, and hence l{Xt - F*, a; - y) < /3 for t G [T, T + h], 
contradicting the definition of T. We conclude that /.{Xf — Yt,x — y) < (3 for t e {Sk, Uk A T~^{eo)). 
This and the fact that Z {Xs^ — Ys^ ,x — y) < (3 imply that 



Ai 
A2 
As 
A4 
As 
Ae 
A7 
As 



B{x,2air)ndD, 
B{y,2air)ndD, 

{z GD : d{x, z) < 2air, d{z, dD) < 20,2^^}, 
{zeD: d{y, z) < 2air, d{z, dD) < 2a2r^}, 
{z £ D : 3v £ Ai, u, w G A2 ■ z = V — u + w}, 
{z £ D : 3v £ A2,u,w E Ai : z = v — u + w}, 

A3UA5, 
A4UA6, 

sup{Z(a;o - yo,xi - yi) : xo,xi G Ar,yo,yi G As}. 



(3.16) 



l{Xt - Yt,X, - n) < 2/3 < (ci/2)r < cid{Xs„Ys,), 



for all s,t G {Sk, Uk A T+{eo)). 



□ 
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Recall the definition of the stopping times Sk, Uk from the paragraph preceding Lemma 3.3. 
For k > 1, define 



Pt 
Pt 

Pt 



d(Xo,yo)' 



n 



At) 



with the convention 0/0 = 1. Note that pt = PtPt- Let T = Ufc>i('^fc' ^k] and T'^ = (0, oo) \ T. 

Lemma 3.6. For any ci > there exist uq, £o > such that if Oi, 02 € (0, ao) and d{Xo, Yq) < eo 
then for all t >0, a.s., 



logPtA 



tAr(eo)]nT 



{u{X,)dLf + u{Y,)dLl) 



< ci (l 



X 

tAT{so) -^tAT(£o) 



Proof. Since D is assumed to be C^-smooth, for any C2 G (0, 1) and C3 > 0, we can find £0 > so 
small that for any x,y G dD with d(x,y) < 2eo, 



( - (1 + C2)(l/2)i/(x) - C3/2)d(x, y) < • n(a;) <(-(!- C2)(l/2)z/(x) + C3/2)d(x, y). 

This, Lemma 3.5, differentiability of v and simple geometry show that one can choose small oi, 02 > 
and eo > so that for every A; > 1 and alH G [Sk^Uk /\ r"'"(£o)] such that Xf G dD, assuming 

Sk < T+(£o), 

(-(1 + C2)(1/2)KX,) - C3)d(Xs„y5j < • n(X,) 

< (-(1 - c^){l/2)u{Xt) + cs)d{Xs,,Ys,). 
Analogous estimates hold for • n(Yt). We obtain for t G [5*^, t/jt A r"'"(£o)], 



d{X,,Y,) - d{Xs,,Ys,) = I ^\ .n{X,)dL^+ [ 

< f (-(1 - C2)(l/2)z.(X,) + C3)d(Xs,, FsJdLf 

+ I (-(i-c2)(i/2)i^(n) + c3)d(X5,,y5jcZLr. 



Is, d(n,x,) 



n(y,)ciL 



Thus 



d{Xs,.Ys,) 



< 1 - (1 - C2)(l/2) / {u{X,)dLf + u(Y,)dLl) + C3 [ (dLf+dL^). 
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We obtain in a similar way, 
d{Xt,Yt) 



> 1 



(l + C2)(l/2)/ {u{X,)dLf +u{Y,)dL^)-cs f (dLf+dL^). 
Note that d{Xt,Yt)/d{Xs^,Ys^) G [1 - 2ai, 1 + 2ai] for i G [5fc, i7fc A t+(£o)], so 

< (1 + 2ai) A f 1 - (1 - C2)(l/2) / {v{X,)dL^ + + cg / (dLf + dL^,)] 

and 

diXt,Yt) 



d{Xs„YsJ 

> (1 - 2ai) V f 1 - (1 + C2)(l/2) / (z^(X,)dLf + u{Y,)dLj) - cJ {dlf + dL^)) . 

Wc have 1 + a < e" for all a. For any C4 > we can choose ai > so small that 1 + a > e^e"'^"'"! for 
a G [— 2ai,2ai]. Hence, for sufficiently small ai, and t G [5fc,J7jt At^{so)], assuming Sk < t~^{£o), 

^ d{Xt,Yt) 'f^ d{Xu.,Yu.) 
d{Xs,,Ys,)f}^d{Xs,,Ys,) 

<ll- (1/2 - C2/2) /* {v{X,)dL^ + :^(y.)dL^) + C3 /* (dLf + dL^)) 
V Jsk JSk J 

X n ( 1 - (1/2 - C2/2) r HX,)dL^ + u{Y,)dL^) + C3 r {dL^ + dL^)] 
< exp I - (1/2 - C2/2) / HX,)dL^ + iy{Y,)dLl) 

\ J[0,tAT(so)]nT 

+ cJ (dLf + dLf)), 



and 



~Pt > exp ( - (1/2 + C2) / {y{X,)dL'^ + v{y,)dL'i) 

\ [0,tAT(eo)]nr 



2c3 / (dLf + dL^) 

-'[0,tAT(eo)]nr 

C4((l/2 + C2) / (|K^,)|dLf + |z/(y,)|dL 

^ J[0,tAT(£o)]nT 

+ 2c3 / (dLf +dLr)) y 

^[o,tAT(£o)]nr 
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Since li'l is bounded and C2, C3 and C4 are arbitrarily small, the last two estimates yield the lemma. 
□ 



Recall that we have assumed that for every x G 9D, there are only finitely many points y G dD 
with q;(x, y) = 0. 

Lemma 3.7. Suppose that z G dD and let K = {y ^ dD : a{z,y) = 0} and = {y G dD : 

a{z, y) G [2"^^, 2"*^"'"-'^]}. There exist kQ,ci < 00 and C2 > not depending on z such that for k > k^, 
the arc length measure of is less than Ci2~'^/^ and the distance from Mk to K is bounded below 
byc22-''. 

Proof. Wc have assumed that the boundary of D is C"^-smooth and that there exist at most a finite 
number of points xi,X2, ■ ■ ■ ,Xn such that u{xk) = 0, k = l,...,n. Moreover, we have assumed 
that the third derivative of the function representing the boundary docs not vanish at any Xk- 
This implies that there exist 5q, C3, C4 > such that if a; G dD and d(x', Xk) < So for some k then 
> C3d{x,Xk); moreover, if a; G dD and d{x,Xk) > Sq for every k = 1, . . . ,n, then \i'{x)\ > C4. 
We make 60 smaller, if necessary, so that d{xj,Xk) > 4(5o for all j 7^ k. It is elementary to see that 
there exists C5 > with the following properties (i)-(iii). 

(i) For every point x G dD such that d(x, Xk) > 26^ for every k = 1, . . . ,n, and every y G dD 
with d{x,y) < 5o, we have |a(x,y)| > C5d(x,y). 

(ii) If a; G dD and d(a;, Xk) < 2So for some k, y e dD, d{x, y) < 60, and y lies on the same side 
of Xk as X then |a(2;,?/)| > C5d(x, y)d(x, Xfc). 

(iii) If X = Xk for some k, y £ dD and d{x,y) < 5q then |a(a:,y)| > C5d(x,y)^. 

Make Sq smaller, if necessary, so that for any x, y G dD with \a{x, y)\ > n/4, we have d{x, y) > 

4(5o. 

Consider any z G dD and let zi, 2:2, • ■ • , be all points in dD such that a{z,Zk) = or 
a{z,Zk) = 7r/2. The number m of such points is bounded by a constant mo depending on D but 
not on z. The family of points {zi, . . . , 2:^,3^1, • • • , Xn} divides dD into n + m Jordan arcs F^, 
/c = 1, . . . , n + m. Let A denote the arc length measure on dD, i.e., \{dx) is an alternative notation 
for dx. 

Fix some F^ and note that the curvature u^x) has a constant sign on this arc because there are 
no Xj 's between the endpoints of F/. . Since there are no points Zj between the endpoints of F^ , the 
function x a{z,x) is monotone on this arc. For an arc F/-, let and denote its endpoints 
and assume that a(z,x) takes the maximum on F^ at x = y^. It is elementary to deduce from 
(i)-(iii) that for some cg > depending only on D, and all j, 

\{{x G Tk : aix,y-) G [2-^,2-^-']}) < c^2-^l\ 

Since the number of F^'s is bounded by a constant independent of z, 

A({x G dD : a{x,z) G \2-\2-^-^\Y) < Cj2-^/^. 

Conditions (i)-(iii) easily imply that d{Mj,K) > c^2~^ for some cg depending only on D. □ 
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Lemma 3.8. There exists ci < oo such that for any s > 0, 

<exp(ci(Lf + L^)). 



Proof. Since D is assumed to be C"^-smooth, there exists C2 < oo such that for any x G dD and 

^ ■n{x)<C2d{x,y). (3.17) 



d{x,y) 
Let To = 0, and for fc > 1, 

n = infO > Tfc.i : d{Xt,Yt) ^ (id(XT,_, , Ft,. J, 2d(Xr,., , Ft,_ J)} 

A inf{t > Tk-i : Lf - L^^_^ > 1} A inf{t > Tk-i : LJ - L^^_^ > 1}. 

Then, by (3.17), for any A; > 1 and t G {Tk-i,Tk], 

d(Xt,yt)-d(XT,_,,iT,_J 

< /" ' C2d(X„n)dLf + /" ' C2d(X„y,)dL^ 
<2c2diXT,_,,YT,_,) r (dLf+dL^). 
This impUes that for any t G {Tk-i,Tk], 

< exp(2c2(L^, - Ll_^ + L^^ - L^^_J), 



and 



dfx Y)- TT '^(^^^'^^^^ 



< n exp(2c2(L^^ - + Ll - LI_J) 

<exp(2c2(L?, +L^J). 

This proves the lemma. 



Wc define a partial order for two distinct points x = {xi,X2) and y = (yi,y2) by saying 
that X -< y if xi < yi, or xi = j/i and X2 < y2- Let be the closest point in dD to the pair 
{Xt,Yt}, if there is only one such point. In the case when there are multiple points in dD with 
the minimum distance to {Xt,Yt}, we let Zt be the point which is the smallest one according 
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to -<; an easy argument based on compactness of dD shows that there exists such a point. Our 
choice of the tie-breaking convention is arbitrary — it plays no role in the proofs. Note that if 
To = inf{t > : Xt € dD or Yt € dD} then Zr„ = Xt„ if Xt„ G dD and Yt„ i dD; Zt, = Yt^ if 
Ito G dD and Xt^ ^ dD; Zt^ can be either Xt^ or Yt^ if both Xt^ G dD and Yt^ G dD. 
The following piece of notation will be used in many lemmas, 

F{s,u,x,a) = < sup d{Xt,x)<af. 

{s<t<u J 

The proof of the next lemma is the most complicated and delicate argument in this paper. 

Lemma 3.9. Let Tq = M{t > : Xt e dD orYt e dD} and e = d(Xo,Yo). There exist 
Po G (1/2, 1) and ci,C2 < oo such that the following hold. Assume that, 

\Tr/2- l{Xo-Yo,n{Zo))\<c,d{Xo,Yof° and d{Xo, dD) < C2d{Xo,Yo). (3.18) 

(i) There exist C3 < oo and £0 > such that whenever e < Eq, 

B\logd{Xs„Ys,) -logd{Xo,Yo)\ < c^e. 

(ii) For some ^1 > 0, /32 > 1, C4 < 00 and Eq > 0, we have for all e < Eq, 

E {lFc^To,SuZ{To),e^r)\^OgdiXs„Ys,) - log d(Xo, Fo) |) < C4£^^ 

(Hi) Let K = {x e dD : tana(Zo,x) > e~^^}. For some f5i > 0, /32 > 1, C5 < 00 and Eq > 0, 
we have for all £ < Eq, 

E (liZT, eK} I log d{Xs, , Is J - log d(Xo , Fq) |) < c^e^' • 



Proof, (i) Step 1. For some ce < 00, let 

Ti = inf{t > To : d(Xt, dD) A d{Yt, dD) < d{Xt,Yt), 

\7r/2-lin{Zt),Xt-Yt)\ < c,d{XuYt)^°}, 
T2 = M{t > To : d{Xt,XTo) > ced{XT„YT,)^°}, 

n = mf{t > To : G dD}l{YT,edD} + mf{t > Tq : G dD}l{Y^^^9D}, 

T4 = M{t >T2:XtedD or Yt G dD}, 

n = infO > r4 : d{Xt,XTj > cediXr^Yr,)^''}, 

n = M{t >T4:Xte dD}l{YT,edD} + mf{t > r4 : G dD}l{YT,^dD}- 

It is elementary to see that for a suitable choice of Cq, {T3 < T2} C {Ti < T2}, and similarly 
{Te < Ts} C {Ti < T5}. 

We will now estimate changes in the distance between Xt and Yt over the interval [Tq, Ti A T2] 
under various scenarios, and probabilities of these scenarios. 
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Let = {x G dD : a{x,Zo) = 7r/2}. For integer k and any x G M^,, let = {y e dD : 
tana(y, x) G [2"*^, 2"'"'"'"^)}. Let be such that Zt^ G Mjy. Let ki be the largest integer with 
d(Mfc^,M*) > 4c6d(Xo, lo)'^°- Since we are concerned with the case when d{Xo,Yo) is small, we 
can assume that ki > 0. 

Suppose that -ki < k < 0. Then, by Lemmas 3.2 and 3.7, P{N = k) < C7d(Xo, ^0)2"''. If 
N = k then d{XTa,dD) V d{YT„,dD) < C8d(Xo, ^0)2'=. This and Lemma 3.2 imply that 

Pm >T2\N = k)<P{Ts>T2\N = k)< C9d(XT,, F^o)'-''°2^ 

and, therefore, 

P(7V = k,Ti> T2) < ciodiXr^YT^f-^". 

Elementary geometry shows that the distance between Xt and Yt is reduced by at most a factor of 
1 - Cii22'= over the interval [To,Ti A Ta], so we have d(XTiAT2, ^TiAT^) > (1 - cii22'=)d(Xo, ^0)- 

Next assume that < A; < It follows from Lemmas 3.2 and 3.7 that P(A^ = k) < 
ci2d(Xo,yo)2-^/^ We obviously have d{XTo,dD)\J d{YT^,dD) < d(Xo,yo)- This and Lemma 3.2 
imply that 

P(ri >T2\N = k)<P{T3>T2\N = k)< c^3d{XT„YT,y-'^\ 

and, therefore, 

P(iV = k,T,> T2) < ci4d(Xro,lTo)'"^°2-'=/^ 

We have l{n{Zt),Xt - Yt) G (0152"'=, tt - 0152"'=) for t G [To,T2]. It follows that the distance 
between Xt and Yt is reduced by at most a factor of Cie2'' over the interval [Tq,Ti A T2], so 
AT2) YT,^T,)>cie2-'^d{Xo,Yo). 
The next case is N < -ki. We trivially have P(A^ < -ki) < 1. li N < -ki then d{XTo,dD)\/ 
d{YTo,dD) < ci7d(Xo,yo)^+'^°- Lemma 3.2 implies that 

P(iV < -ki,Ti > T2) < P{Ti > Ts I iV < -ki) (3.19) 
< P(r3 > T2 I iV < -ki) < Cisd{XT„YT,). 

The distance between Xt and Yt is reduced by at most a factor of 1 — cigd{XTo,YTo)^^° over the 
interval [To,Ti AT2], so d(XTiAT., >TiatJ > {I - cwd{XT„,YT„)^^")d{Xo,Yo). 

Let N' be such that Xt^ G Mn> if Xt^ G dD and Yt^ G Mjv if Yt^ G SI:'. We will analyze the 
change to d{Xt, Yt) over the interval [Tq, Ti A for different values of N', assuming that Ti > T2 
and N < -ki. 

Suppose that —ki < k < 0. Since d{XT2,dD) < C2od{XQ,YQ)^" , Lemmas 3.2 and 3.7 im- 
ply that P{N' = k \ N < -fci,Ti > T2) < C2id(Xo,yo)^"2-'=. If iV' = then d{XT^,dD) V 
d{YT^,dD) < C22d(Xo,yo)2''. This and Lemma 3.2 imply that 

P(ri > Ts I TV < -ki,Ti > T2,N' = k)< P{n >n\N< -ki,T^ > T2,N' = k) 

<C23diXTo,YT,)'-^°2K 

We combine estimates of probabilities in this paragraph with (3.19) to obtain, 

P(7V < -kuN' = k,T,> Ts) < C24d(XTo,yTo)'. 
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The distance between Xf and Yt is reduced by at most a factor of 1 — 0252^*^ over the interval 

[To,ri ATg], so d(XT,AT,,>T,ATj > (1 " C252^'')d{Xo,Yo). 

Next consider the case < k < ki. By Lemmas 3.2 and 3.7, 

P(7V' = k\N <-k^,n>T2)< C26d(Xo,Fo)'^°2-'=/2. 

If the event {N < -ki,T^ > T^} holds then d{XT^,dD) V d{YT^,dD) < d(Xo,yo)- This and 
Lemma 3.2 imply that 

P(ri > Ts I iV < -A;i,ri > T2,N' = k) < P{Te >n\N< -ki,Ti > T2,N' = k) 

<C27d(XTo,rTo)'-^°, 

and, using (3.19), 

P(A^ < -kuN' = k,T,> n) < C28d(Xr„,yTo)'2-'=/2_ 

We have l{n{Zt),Xt - Yt) G (0292"*=, tt - 0292"*=) for t G [T^Ts]. It follows that the distance 
between Xi and Yt is reduced by at most a factor of C3o2^ over the interval [To,Ti A T^,], so 

d{XT,AT„YT,AT,) > Cso2-'^d{Xo,Yo). 

Consider the case N' < -ki. We trivially have 'PiN' < -ki \ N < -ki,Ti > T2) < I. If 
A^' < -ki then d{XT^,dD) V d{YT^,dD) < C3id(Xo, ^0)^+^°- This and Lemma 3.2 imply that 

P(ri > Tg I iV < -ki,Ti > T2,N' < -ki) < P(T6 > Ts I iV < -fci,ri > T2,N' < -ki) 

<C32d(Xro,yTo), 

and, using (3.19), 

P(A^ < -ki,N' < -A:i,Ti > Tg) < C33d(Xr„ , 1t„)'. 

If A'^' < —ki, the distance between Xt and Yt is reduced by at most a factor of 1 — C34d(Xj'g,yr^)^^° 
over the interval [ro,ri A Tg], so we have d{XT,AT„YT,AT,) > (1 - C34d{XT„YT,y^")d{Xo,Yo). 
An argument similar to those given above yields 

P(Ar < -A;i,Ti > T2, AT' > fci) < C35d(Xo,yo)'+'^°/'. 

If {N < -ki,Ti > T2,N' > fci} holds then diXr^Yr,) > (1 - csed{XT„,YT„)^f'<')d{Xo,Yo). 
Finally, by Lemmas 3.2 and 3.7, we have P(A^ > fci) < C37d{Xo,Yo)^+'^°/^ . 

Step 2. Recall that denotes the usual Markov shift operator and let 

A = {{\N\ < ki} n {Ti < T2}) u {{N < -fci} n {A^' < ki} n {n < n}), 

T7 = TiIa + To o dT2^{\N\<ki}n{Ti>T2} + ^ol{jv>fei} 

+ To o ^T5l{Ar<-fci}n{Ar'<fei}n{Ti>r5} + T4l{Ar<-fei}n{JV'>fci}- 

Note that d{XT,,YT,) < d(Xo,yo)• 
Let D{a) = {x e D : d{x,dD) < a}. We will define a number of stopping times and events 
involving a parameter > 1 whose value will be chosen later. Recall that Zt is the closest point 
on dD to the pair {Xt,Yt}. Let 5 = d{XT.^,YT^) and for k > 0, 

Vk = M{t > Tr : Xt,Yt e L'(<5'^')}, 

Gfc = {|7r/2 - l{n{Zv,),Xv, - FyJI > c,d{Xv„Yv,f°}. 
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We will define some stopping times and related events A^. assuming that Vk > T-j (otherwise 
V^'s and ^'['s can be defined in an arbitrary way). If holds, we let = Vk for all j. We will 
state the definitions in the case when Gk holds and Xy^ £ dD{5^^) \ dD. In the case when Gk 
holds and IVj. G dD{5^^ ) \ dD, the roles of Xf and Yf should be interchanged in the definitions 
of y^'s and ^^'s. Let CSk be the orthonormal coordinate system with the origin at the point in 
dD that is closest to Xy^, whose first axis is tangent to dD. We will write Xt = {X^,Xf) in this 
coordinate system. Note that Xy^ = in CSk- Let 

= mf{t >Vk:Xte D{S^'/2)}, 
Al = < inf{t >Vk:Xte D{2S'^'y or l^^l = (5^3}} , 

V^=mf{t>Vk':X,eD{6^sy}^ 

Al = {Vf < inf{t > V,' : X, G D{6^'^ /A) or \Xl\ = 2<5^3 }} . 



If S is small then dD n B{Xv^ , 2d(Xy, , FyJ V 25^3 ) is almost flat. If events Al and Al occur, the 
process Xt moves towards the boundary of D and then away from the boundary, without moving 
too much in the horizontal direction in CSk- The result is that the distance from Yy2 to dD is 

greater than /8. 

It follows from Lemma 3.7 and its proof that there exists 6o, css > depending only on D, such 
that if (5 < (5o then either (i) Z(n(x), n(y)) > css^^'^s for all x = {x^,x'^) G dDandy = {y^,y^) G dD 
with 35^3 < -x^ < gs(^l and 3^^^" < yi < gS^^s , or (n) Z(n(x), n(y)) > csgS^f^^ for all x,y e dD 
with 10(5^3 < -x^ < 165^3 and 10(5^3 

< < 16(5^3 ^ in CSk- We have to consider cases (i) and (ii) 
because there might be a (single) z G dD with —166^^ < 2^ < 16(5^3 and ^{z) = 0. Depending on 
the sign of Xy2 — Yy2, one of the following events holds, 

for X G dD, 3^^3 < x^ < 96^^ , (3.20) 

for X G dD, 3(5^3 < -x^ < g^/sf^ (3.21) 

for X G 10(5^3 < < 16(5^3'. (3.22) 

for X G 10(5^3 < -x^ < 16,5^3*. (3.23) 

We will discuss only cases (3.20) and (3.22). The other cases are symmetric — we leave them to the 
reader. In case (3.20) we let 

mi{t>V^:Xl = 6S^"}, 

{if < inf{t > ■- Xl = -35'^3 or Xt G D{25^^'' U D((5^3/2)}| , 
\xd{t>Vi ■-Xt£D{5^'^^")], 

[V^ < mi{t > ■- Xt G L>(3(5^3)= or \X^ - 65'^3 1 = J^3 }} . 



l{Xy.-Yy.,n{x))>C38S^^-, 
l{Xy. -Yy.,n{x)) > C3sS^f^' , 
l{Xy. -Yy.,n{x)) > cssS^f^' , 
l{Xy2 -Yy2, nix)) > cssS^'^' , 



Vk' = 
A-k = 
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In case (3.22), we let 

Vi = inf{t>Vi:X^ = ISSN's}, 

Al = [vi < mi{t > ■ X\ = -SS^s or Xt G ^(2,5^3)- u D{6^" /2)}^ , 
V,^ = mi{t>Vi:Xt€D{6f''^^')}, 

At = [V^ < M{t > : Xt e DiSSf^'^y or \Xl - 13(5^3 1 = s^^^} . 

In either case, let Af^ = Al, n A"^ f] A^ D Af, and similarly in cases (3.21) and (3.23). 

We will assume that (5o > is so small that 6^3 < /4 for 5 < 5q. We will later impose 
an upper bound on I3s which, in turn, will impose an upper bound on 6q. Note that given this 
assumption about 60, if d(Xo,yo) < <^o aiid ^fc holds then < V^+i, so we can estimate the 
probability of the intersection of consecutive A^'s using the strong Markov property at times V/.. 
Let 

= mi{t >Vk:Xte dD}, 



Ck = i sup d{Xt,Xv,)<5^'s-'/2\ . 
By Lemma 3.2, 

P(Cfc^ I Xv, e 9D(5^3 ) \ dD) < c:,^5^" /5^"~" = cs^d^^'iP^-^) . (3.24) 
We will find a lower bound for sup^^jy^ ys] d(Xt, Ft) assuming that d{XTy,YTj) > 6^3 and 

Gh n Ah n Ck+i occurred. First consider the case when \Xl, - \ > d^^^ /g. Then it IS easy 
to see that the distance between Xt and Yt is reduced between times Vk and VJ? by at most a 
constant factor C40, so d{Xt, Yt) > c^iS^^ for t G [Vk, V^]. Next suppose that \Xy^ — YyJ < 6^3 /g. 
Then \Xl - F/l < S'^s /4 for t G [Vfe, F^^], because the boundary of D is "fiat" in the neighborhood 
under consideration. After time V^, processes Xt and Yt move along dD without touching it, to 
the place where the angle between the line passing through both particles and the normal to the 
boundary of the domain is bounded below by csg^^^s . It follows that for t G [14, V^], the process 
Yt is reflecting on the part of the boundary where the angle between the line passing through both 
particles and the normal to the boundary of the domain is bounded below by c^sS"^^^ ■ Hence, the 
distance between Xt and Yt is reduced between times Vk and V^ by at most a factor of 0426^^3 . 
This implies that if Gfc n n Ck+i holds then d{Xt, Yt) > C43^^'^3 for t G [Vk, V^]. 
Let 

Fk= U (G^ u (Gm nA^n Cm+l)) , 

k<m<2k 

and note that 

U A„n Pi Cm+ic (j (G^ u (G„ n A„)) n f| c„+i c f^. 

k<m<2k k<m<2k k<m<2k k<m<2k 

It is elementary to see that the probability of Ak is bounded below by pi > 0, not depending on k 
or (3^, assuming S is small. By the strong Markov property applied at stopping times V^, we have 

nf]k<m<2kA'fn)<i^-Pir,^0 

>l-(l-pl)^ (3.25) 
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By (3.24), 

\k<m<2k J k<m<2k 

The quantity on the right hand side is bounded below by 1 — (1 —pi)'', for small S. This and (3.25) 
imply that P(Ffe) > 1 - 2(1 - pi)'^, for small S. Let 

Ts = inf{t > Tt : d{Xt, OD) A d{Yt,dD) < d(Xt, F*), 

|7r/2 - l{n{Zt),Xt - Yt)\ < cid{Xt,Ytf''}. 

Note that if G| U (Gk PiAkD Ck+i) occurs then Tg < and d{XTs , ^Tg ) > C43(5^^3 . in view of the 
estimate for the probability of Fk, we see that for A; > 1, 

F{d{XT„YT,) < C43<5^^3'') < 2(1 -pi)^ 

We choose /Ss > 1 so that /3|(1 - pi) < 1. 

Step 3. Let C44 be the same as C2 in the statement of Lemma 3.3, and let C45 be the same as ci in 
the statement of that lemma. Let Tg = Tg and for /c > 1, 



rpk 

-'lO 


= inf{t > : 


d{Xt,XTk)V d{Yt,Yj,k) > 2{d{Xj,k,dD)\/ d(Yj,k,dD))}, 


rpk 
-^ll 


= inf{t > r| : 


Xt £ dD}, 


rpk 
-'12 


= inf{t > r| : 


Yt G dD}, 


rpk 

-'is 


= inf{t > 


■ - ^T^^ > C44d(yj,fc^, 31?)}l|j.fe^<j,fc^j., 


rpk 

^14 


= inf{t > r/=2 


• - -^Tj\ - C44d(Xrfc^,5D)}l{r*^^>yfcj, 


rpk 

-'-15 


= inf{t > 




rpk 

-'le 


= mf{t > 




jifc+i 


= inf{t > r| : 


d(Xt, Xj,fe) V d{Yt, Y^k) > 2c45(d(Xrfc , dD) V d(yrfc , dD))} 




A(r^3 + r^4 


)A{T^, + T^,). 



Note that d(Xj.i,yj.i) = d{XTf^,YT^) < d(Xo,yo)- It is easy to see that if £0 > is small and 
d{Xo,Yo) < £0, we have P(Tii < T^^) > P2 > 0, where p2 depends only on D. By the strong 
Markov property applied at A T^2 Lemma 3.3 (i), for some ps > 0, 

P{Si < T^+' I J^T^ , {S, > Tg'}) > PS. 

Let k2 be such that (1 -^3)'=^"^ < 1/2. Then 

P{S,>T^') < (l-ps)'"'-^ < 1/2. 

Step 4- Let Ti7 = Tg ^ and note that 

d{XT^. , Xr.r) V d{YT. , YT,r) < C46(d(Xr^i , OD) V d{Yr. , dD)), 
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where 045 = (2045)^^^. For t between Tg and T17, the angle between the vector of reflection for any 
of the processes and Xf — Yt is bounded below by a quantity depending on N; we will next discuss 
this dependence and its consequences. We will examine various cases in the same order as in Step 
1 and we will also recall some estimates from Step 1. There will be many cases to consider — we 
will label them for future reference. 

We start with a general remark that applies to many of the cases discussed below. If Ti < T2 
then the lower bounds for d{XT^/\T2 1 ^1 AT2 ) obtained in Step 1 apply also to d{XT^^ , ^Tiy)) for the 
same reasons, but with constants that may be different. The same is true when Ti < T5. 

(a) Consider the case when N = k and —ki < k < 0. Then we have P(A^ = k) < 
C47d(Xo,yo)2-^ 

P(7V = k,Ti> T2) < C4sd{XT„YT,f-^\ 

and (1 - C4922'=)d(Xo,Fo) < d(Xr,AT., It.atJ < d(Xo,Fo). If ^ < T2 then d(Xr,,,lr,,) > 
(1 — C5o2^'^)d(Xo, io)- Note that the distance between Xt and Yt does not increase before time 
Tg = Tg. The increase of the local time Lf between times Tg and Tn is bounded by C5id(Xo, Yq), 
and a similar bound holds for the increment of , so, according to Lemma 3.8, d(Xrj^,lV^^) < 
d(Xo,yo)(l + C52d(Xo, lo))) assuming that d(Xo,lo) is small. Combining the two estimates, we 
obtain 

(1 -C5o22'=)d(Xo,yo) < d{XT,,,YT,,) < d(Xo,yo)(l + C52d(Xo,yo)). 

(b) Next consider the case when N = k, -ki < k < 0, and T2 < Ti. Then, d{XT,Yr) < 
d{Xo,Yo), d(Xi7,yi7) < C53d(X8,y8), and using Step 2, for n > 1, 

P(A^ = k,T, > T2,d{XT,r,YT,r) < C54d(Xo, Fof ^^'") < c^^diXr^Yr^f-'^'' {1 - piT+K 

(c) Assume that < k < ki. Then P{N = k) < cr,Qd{XQ,Yo)2-^/'^ , 

P{N = k,n> T2) < C57d(XTo,yTo)'"''°2-'=/^ 

and C582-'=d(Xo,yo) < d{XT,^T„YT,AT,) < d{Xo,Yo). If Ti < T2 then we have d{XT,„YT,,) > 
C592~^d(Xo, yo)- The bound d{XT^^,YT-^^) < d{Xo,YQ){l + CQod{Xo,Yo)) holds for the same reason 
as in case (a). Combining the two estimates, we see that 

C582-'=d(Xo,yo) < d{XT,„YT,,) < d(Xo,yo)(l + C6od(Xo,Fo)). 

(d) Next consider the case when iV = A;, < A; < fci, and < Ti. Then, d(X7,lV) < 
d(Xo,ro), d(Xi7,yi7) < C6id(X8,y8), and using Step 2, for n > 1, 

P(7V = k,Ti> T2,d{XT,r,YT,r) < C62(c582-'=d(Xo, ^0))"^^'") 

< Ce3d{XT,,YT,r-f'°2-'^/\l-pir+\ 

(e) The next case is when N < —ki. We will use the trivial estimate P(A'' < — fci) < 1. We 
have d{XT,AT„YT,AT,) > (1 - C64d(XTo, yTo)'^°)d(Xo, Fo). If Ti < T2 then 

(1 - ce5d{XT„YT,ff^'')d{Xo,Yo) < d{XT,r,YT,r) < d(Xo,yo)(l + C66d(Xo,yo)). 
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(f) Recall that N' is defined by the following conditions, Xt^ G Mjv' if Xt^ G dD, and 
e Mn' if e Suppose that -ki<k<0. Then 

P(iV < -h,N' = k,Ti> n) < ce7d{XT„YT,f, 

and (1 - C6822^)d(Xo,yo) < d(XT,AT. , i^T^ atJ < d(Xo,yo). If < -^i, N' = k, -k^ < k < 0, 
and Ti < T5 then we have d{XT^^,YT^^) > (1 - C6922fc)d(Xo, Fq) and 

(1 - C6922'=)d(Xo,yo) < d(XT,„rT,,) < d(Xo,yo)(l +C7od(Xo,yo))- 

(g) If < -ki, N' = k,-ki<k< 0, andTs < Ti then, d{X7,Y7) < d(Xo,yo), d(Xi7,Fi7) < 
C7id(X8, Ys), and using Step 2, for n > 1, 

P(A^ < -kuN' = k,T, > n,d{XT,r,YT,r) < C72d(Xo, Fof ) 
<C73d(XTo,yTof(l-pir+^ 

(h) If < A; < ki then 

P(7V < -kuN' = k,Ti> T5) < C74d(XTo,rTo)'2-'=/2^ 

and C752-M(Xo,yo) < d(XTiAr5, iriArJ < d{Xo,Yo). li N < -ki, N' = k, < k < k^, and 
Ti < T5 then d(XTi,,yri,) > C762-'=d(Xo, Fo) and 

C762-'=d(Xo,yo) < d{XT,„YT,,) < d(Xo,yo)(l + C77d(Xo,Fo)). 

(i) UN < -ki, N' = k, < k < ki, and T5 < Ti then, d(X7,y7) < d{Xo,Yo), d(Xi7,yi7) < 
C7sd{Xs,Ys), and using Step 2, for n > 1, 

P(iV < -k,,N' = k,Ti> n,d{XT,r,YT,r) < 07^,(0752-'' d{Xo,Yo)f'^"^") 

<csod{XT,,YT,f2-'^/^{l-p,r+\ 

(j) The next case to be considered is when N < —ki and N' < —ki. We have P{N' < —ki \ 
iV<-fci,Ti>T2)<l, 

P{N < -kuN' < -kuTi > Ts) < C8ld(XTo,lTo)', 

and d(XT,AT5,yT,ATj > (1 - C82d(XT„,yT„)'''")d(Xo,Fo). If < -ki, N' < -k,, and Ti < Ts 
then d(XT,,,FT..) > (1 - C83d(XTo,yTo)'''°)d(Xo,yo) and 

(1 - cs3d{XT„YT,f^<')d{Xo,Yo) < d{XT,„YT,,) < d(Xo,yo)(l + C84d(Xo,yo)). 

(k) If iV < -ki, N' < -ki, and T5 < Ti then, d(X7,y7) < d{Xo,Yo), d(Xi7,n7) < 
C85d(X8, Yq), and using Step 2, for n > 1, 

P(7V < -kuN' < -kun > n,d{XT,,,YT,,) < csed{Xo,Yoff^"^") 
<C87d(XTo,yTo)'(l-Pir+'. 
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(1) Consider the case when A^' > ki and note that P(A^ < -ki,Ti > T2,N' > ki) < 
C88d{Xo,YQy+^^"/^. li N < -ki, N' > ki, and Ti > T2 then we have d{XT^,YTj > (1 - 
C89d(XTo,lrj2/3o)d(Xo,ro)- If, in addition, Ti < Tg then 

d{XT,r,YT,r) > (1 - CgodiXT„YTo?^')diXo,Yo) 

and 

(1 -C9od(Xr„,yro)"'")d(Xo,yo) < d(XT,,,lTi.) < diXo,Yo)il + c^id{Xo,Yo)). 

(m) If < -ki, N' > fci, and Tg < Ti then, d(X7,r7) < d(Xo,ro), d{Xi7,Yi7) < 
C92d(X8,y8)5 and using Step 2, for n > 1, 

P(7V < -k^,N' < -ki,T^ > n,d{XT,r,YT,r) < C<,sd{Xo,Yof^"^" ) 
<Cg4d{XT„YT,f{l-p,r+\ 

(n) Finally, we consider the case N > ki. We have P{N > ki) < Cg5d{Xo,Yo)^+'^°/'^. Then, 
d{Xr,Yr) < d(Xo,Fo), d{Xi7,Yir) < cgediXs,Ys), and using Step 2, for n > 1, 

P(A^ < -ki,N' < -ki,T, > n,d{XT,,,YT,,) < C97d(Xo,ro)'''") 

The estimates for values of d(XTi7,lTi7) and the corresponding probabilities listed above as 
(a)-(n) yield the following inequality. Its lines are labelled according to the case they represent. 

E|logd(XT,,,lT,,) -logd(Xo,Fo)| (3.26) 
< J2 C99d(Xo,ro)2-'=(cioo2''= + cioid(Xo,ro)) (a) 

-fci<fe<0 

+ E E^io2d(Xo,yo)'-''°(l -Pir+'(cio3 + (3/?|" - l)|logd(Xo,yo)|) (6) 

-fci<fe<On>l 

+ J2 cio4d(Xo,yo)2-'^/'(cio5fe + cio6d(Xo,ro)) (c) 

0<fc<fci 

+ E J2^^o7diXo,Yor-('"2-'/\i-p,r+' 

0<fc<fci n>l 

X (clos + cio9/?|" + ciiofc/?!" + (3/3|" - 1)1 log d(Xo, Fq) I) (d) 

+ cind(Xo,yo)"'° +cii2d(Xo,yo) (e) 

+ E cn3d(Xo,yo)'(cii42''=+cn5d(Xo,yo)) (/) 

-fci<fc<0 

+ E E^ii6d(Xo,yo)'(l-Pir+'(cii7 + (3^3'"-l)|logd(Xo,yo)|) {9) 

-fci<fc<0 ra>l 

+ Yl cn8d(Xo,yo)'2-'=/2^cn9A; + ci2od(Xo,yo)) W 

0<fc<fci 

+ E E^i2id(Xo,yo)^2-'=/2(i-p,r+^ 

0<fc<fci ra>l 

X (Ci22 + Ci23/?|" + Cl24fc/?|" + (3/3|" " 1)1 log d(Xo, Fq) |) (0 
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+ ci25d(Xo, yo)""" + ci26d(Xo, yo) (j) 
+ J2ci27d{Xo,Yo)\l-pir+\c,28 + (3/?|" - l)|logd(Xo,yo)|) {k) 

n>l 

+ Ci29d(Xo, yo)'+'^"/'(ci3od(Xo, Yoff"" + Ci3ld(Xo, yo)) (0 

+ ^ci32d(Xo,yo)'(l -Pir+'(ci33 + (3/3|" - l)|logd(Xo,yo)|) M 

n>l 

+ 5]ci34d(Xo,yo)'+^°/'(l -Pi)"+'(ci35 + (3/3|" - l)|logd(Xo,yo)|). (n) 

n>l 



Recall that /3o G (1/2, 1) and /Jf (1— pi) < 1. Given these constraints on the values of the parameters, 
it is straightforward to check that (3.26) implies that 

E| logd(XT,,,yT,,) - logd(Xo,yo)| < Ci36d(Xo,yo). 

Step 5. It is easy to check that our estimates on the size of d(Xt, y^) apply not only at Tn but on 
the whole interval [0,Ti7]. Hence, 

E sup |logd(Xt,yt)-logd(Xo,yo)| <ci36d(Xo,yo). 

te[0,Tir] 

At several places in our argument wc have assumed that d(Xo,yo) is small. Let ei > 
be such that the last inequahty holds if d(Xo,yo) < ei. Let Qo = 0, Qi = Tn A r+(ei) and 
Qk = Qi° dQk-i for k >2. Note that if d{XQ^,YQ^) = si then d{XQ^,YQ^) = ei for all n > k. 
If Qk = Tn o 9q^._^ < T~^{ei) o Oq^ .^ then we can apply the argument given in Steps 1-4 to the 
post-Qfc process, by the strong Markov property, because condition (3.18) is satisfied for t = Qk in 
place oi t = 0. It follows that if d(Xo, Yq) < ei then 

E sup |logd(Xt,yt)-logd(Xo,yo)| <ci36d(Xo,yo), 

te[o,Qi] 

and 

E( sup |iogd(x„y,) -iogd(XQ,_,,yQ,_j| I j^Q,_,) 

te[Qk-i,Qi] 

< Ci37d(XQ^_,,yQ^_J. 

The argument given in part (a) of Step 4 shows that, a.s., 

d(^Qfe,iQj < d{XQ^_^,YQ^_J + ci38d{XQ^_^,YQ^_J^. 
If d(XQ,_,,yQ,_J < 2d(Xo,yo) then 

ci38d(XQ,_,,yQ,_j2 < Ac,s8d{XQ„YQ,f 
and, therefore, d(XQ^,YQ^) < 2d(Xo,yo) for 

k < d(XQ„,yQj/(4ci38d(XQ„,yQ„)2) = l/(4ci38d(Xo,yo)). 
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This implies that for k < l/(4ci38d(Xo,yb)), 

E( sup \logdiXt,Yt) - logdiXQ,_^,YQ,_^)\ I < ci39d(Xo,ro), 

te[Qk-i,Qk] 



and 



E( sup |logd(Xt,Ft) -logd(Xo,Fo)| I < ci4oM(Xo, Fq)- 

te[Qk-i,Qk] 



For k > l/(4ci38d(Xo,lo))) we use the bound d{XQ^,_^,YQ^,_^) < £i to conclude that 

E( sup \logd{Xt,Yt) -logd{XQ^_^,YQ^_^)\ I < C141, 

te[Qk-i,Qk] 

and 

E( sup \logd{Xt,Yt) - logd(Xo,yo)| I ^Q._J < cu2k. 
te[Qk-i,Qk] 

By Step 3, if d(Xo,yo) < £i then P{Si > Qk) < 2'^. Hence 

E ^|logd(Xs,,ysJ-logd(Xo,yo)|-l ^Ui^i ^ j (3.27) 

< E E(l{5.e[Q„Q,+,]} sup I logd(Xt,yi) - logd(Xo,yo)|) 

<Y,nMs,>Qk} sup |iogd(Xt,yt) -iogd(Xo,yo)|) 

fe<l/(4ci38d(Xo,Yo)) fe>l/(4ci38d(Xo,Yo)) 

< ci43d(Xo,yo) + ci44d(Xo,yo)"^exp(-ci45d(Xo,yo)"^) 

< Ci46d(Xo,lo)- 

Suppose that d(Xo,lo) < and let 

W^' = min{Qfe : d(XQ,,yQj = £i}, 

VF" = inf{t >{):XtedD, n(Xt) • {Yt - Xt) < 0} 

A inf{t >0:YtedD, n{Yt) ■ {Xt - Y^) < 0}, 

with the convention that inf0 = oo. Note that sup^^^Q ^r„^ d{Xi:,Yt) < d{Xo,Yo). This implies 
that W" < W, and if W" < oo then, 

d{Xw",dD)yd{Yw",dD) < cu7d{Xw" ,Yw"f < c^47d{Xo,Yof . 

By Lemma 3.8, 

{L^, - L^„) + (L^, - L^„) > ci48| logd{Xw",Yw") - logd(Xi^., y^^OI (3-28) 

> C148 1 log d{Xo, Yo) - log d{Xw' , Yw ) | > cug- 

36 



Suppose £i is less than sq in Lemma 3.3. Then, by Lemma 3.3 (ii) and the strong Markov property 
appHed at W", 

This and (3.28) imply that, 

P(VF' < Si) < ci5id(Xo, Fo)'. (3.29) 

Let W" = inf{t > W : d{Xt,Yt) = d(Xo, Fq)} and W^i = Ti o Ow'"- By the last formula in 
Step 2 and the strong Markov property, 

E| log d{Xw, ,YwJ- log d{Xw"' , Yw" ) \ < C152 ■ (3.30) 

Let QY' =Qk° dw,- Then, by the strong Markov property at Wi, (3.27), (3.29) and (3.30), 

E |^|logd(X5,,FsJ -logd(Xo,Fo)| • 1 (^\J{Si e hw'<s,} 

<ci53d(Xo,yo)'. 
Let Wk = Wi o 9wk-i and = Qk° ^w^ • By induction we have 

P(W^fe <5i) <Cl54d(Xo,yo)'^ 

and for j > 1, 



E \logd{Xs,,YsJ-logd{Xo,Yo)\-l\ [j{Si G [QY\QY+i]} Mw,<s, 



} 



.1 . yQ"^^ 

yk>0 

<ci55d(Xo,yo)'^'- (3.31) 



Note that d{Xo, Yq) is bounded by the diameter of the domain so 

log diXs, ,Ys,)- log d(Xo , yo) < C156 + C157 1 log d(Xo , yo) I ■ 
This, (3.29) and (3.30) imply that 

E(|logd(Xs,,ysJ -logd(Xo,yo)| • l{W'<s,<w,}) < ci58d(Xo,yo)'| logd(Xo,yo)|- (3.32) 
Let w;^ = W'o Ow^- Then, for fc > 1, 

E(|logd(Xs,,y5j -logd(Xo,yo)| • Mw;,<s,<w,^,}) < ci59d(Xo,yo)''+'| logd(Xo,yo)|- (3.33) 
It is straightforward to check that 

[j[Qk,Qk+i] u U Ut^r^ ' ^Sil u [W, Wi] u [j[w;„ Wk+i] = [0, 00). 

k j k k 

Hence, part (i) of the lemma follows from (3.27), (3.31), (3.32) and (3.33). 
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(ii) Let A* = F'=(ro, 5i, Z(ro), d(Xo, Yb)^') and assume that (3i G (0,1). Recall the estimates 
for the probabilities that N takes values in [— /ci,0] or [0, fci] from Step 1 of part (i) of the proof. 
Analogous estimates, the strong Markov property applied at time Tq, and an argument similar to 
that given in Step 3 but with k2 replaced by = min{fe : < d{Xo,YQ)^^}, yield for some 
/34 >0, 

P{A*) < cieod{Xo,Yof\ (3.34) 
P({-A:3 <N<0}nA*)< Cl6ld(Xo,yo)'+'^^2'=^ 
P({0 <N<ks}nA*) < ci62d(Xo,yo)'+^^ 

We will estimate 

E(| logd(XT,„ It,.) - logd(Xo, Yo)\1a') 

by splitting the integral into the sum of integrals over various events, as in (3.26). An upper bound 
for the above expectation can be obtained by using the same estimates as in (3.26), lines (b), (d), 
and (f)-(n), and replacing estimates in lines (a), (c) and (e) by the following estimates. By estimates 
similar to those in Step 2 (a), for some (3^ > 0, 

E(|logd(XT,„rTi.) -logd(Xo,yo)|l{-fc,<iv<o,T,<T.}nA*) (3.35) 

< Yl P(iV = A;,Ti <T2)(ci632''=+ci64d(Xo,yo)) 

-fcl<fe<-fc3 

+ P{{-ks < < 0} n ^*)(C1652''=^ + Ci66d(Xo, Yo)) 

< J2 Ci67d(Xo,Fo)2-'=(ci6822'=+Ci69d(Xo,Fo)) 

+ ci7od(Xo,Fo)'+''^2'=-^(cm2-2'=3+ci72d(Xo,yo)) 

< cir3d(Ao,Fo)'+^^ +ci74d(Xo,Fo)'"^° 

+ ci75d(Xo, yo)'+''^+^^ + ci76d(Xo, yo)'+^^-^^ 
<ci77d(Xo,yo)'+^^ 

Similarly, by estimates similar to Step 2 (c), for some (3q > 0, 

E(|logd(XT,,,FT,,) -logd(Ao,Fo)|l{o<iv<fe„T,<T.}nAO (3.36) 

< J2 F{N = k,n<T2){ci7sk + c,7gd{Xo,Yo)) 

fc3<fc<fci 

+ P({0 < A^ < fca} n A*)(ci8ofc3 + ci8id(Xo, Fo)) 

< ci82d(Ao,yo)2-'=/'(ci83fc + ci84d(Xo,yo)) 

fe3<fc<fcl 

+ Ci85d(Xo, Yoy+^- (0186^3 + Ci87d(Xo , Fq)) 

< ci88d(Xo,yo)'+''^/'|logd(Xo,yo)| + ci89d(Xo,yo)'+''^/' 

+ ci9od(Xo, YoY+f^' I log d(Xo, yo)| + ci9id(Xo, Yof+^' 
<ci92d(Xo,yo)'+^^ 
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Recall that /?o € (1/2, 1). We apply estimates similar to those in Step 2 (e) to see that for some 
/37>0, 



E(|logd(XT,,,yTi.) -logd(Xo,yo)|l{Ar<-fc„Ti<T.}nAO (3.37) 

< P(A*)(ci93d(Xo,yo)'* +Cl94d(Xo,yo)) 

< ci95d(Xo,yo)^Hci96d(Xo,yo)'^° +Cl97d(Xo,yo)) 
<ci98d(Xo,yo)'+^^ 

Note that the sum of lines (b), (d), and (f)-(n) in (3.26) is bounded by ciggd{Xo,YQ)^^ for some 
Ci99 and /Ss > 1. This and (3.35)- (3.37) imply that for some C200 and Pg > 1, 

E(|logd(XT,„yTi.)-logd(Xo,yo)|lAO < C20od(Xo,yo)^^ 

As in part (i), we note that in fact we have proved that 

E( sup \logd{Xt,Yt)-logd{Xo,Yo)\lA*)<C2ood{Xo,Yof'. 

te[0,Tir] 

Recall from part (i) that for k < l/(4ci38d(Xo, Iq)) we have d{XQ^,YQ^) < 2d{Xo,Yo). Let 

Al = F^in o eQ,_, , S,,Z{To o 9Q,_,),d{XQ^_, , Yq^_^ )'3i). 
Then for k < l/(4ci38d(Xo, Fq)), 

E( sup |iogd(Xi,yo -iogd(XQ,_,,yQ,_j|UO 

telQk-i,Qk] 

< E( sup \logd{Xt,Yt) - logd{XQ^_„YQ^_J\lAi) 

tG[Qfc-i,Qfc] 

<C20ld(Xo,ro)''^ 

We have the following estimate analogous to (3.27), 

E ^logd{Xs„Ys,) -logd{Xo,Yo)\ -l^ljiS.e [Qk,Qk+i]}^ l^-j (3.38) 
<J2^il{s,e[Q„Q,+,]} sup \logd{Xt,Yt) -\ogd{Xo,Yo)\lA') 
<T.^iMs,e[Qk,Qk+,]} sup \logd{Xt,Y,) -\ogd{Xo,Yo)\lAiJ 

/(.>0 t(^[Qk,Qk+i] 

< Ee(1{s,>q,} sup |iogd(Xi,yo - iogd(Xo,ro)|iA*^,) 

< J2 2-^C2oikdiXo,Yof'+ J2 ^~''ciA2k 

fe<l/(4ci38d(Xo,Yo)) fc>l/(4ci38d(Xo,Y-o)) 

< C202d(Xo,yo)'^'' + C203d(Xo,yo)"' exp(-C204d(Xo,yo)"') 

<C205d(Xo,yo)^''. 
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The expectation 

E (I log d{Xs^ ,ys,)- log d(Xo, Fo) |lFc(ro,Si,z(To),e'3i )) 

is bounded by the estimates on the right hand sides of (3.31), (3.32), (3.33) and (3.38). This easily 
implies part (ii) of the lemma. 

(iii) Let C = {Zto G K}. Note that C signifies the event discussed in part (n) of Step 4 in 
part (i) of the proof. Recall from that step that P(C) < C206d(Xo, Yq)'^^'' for some /3io > 1. If we 
add the factor Ic to the left hand side of (3.26), the right hand side of (3.26) is reduced to line 
(n), and we obtain 

E (I log d{XT,, , Yt,, ) - log d{Xo,Yo)\lc) 

<Y,C207d{Xo,Yoy+^°/\l-pir+\c2os + (3/3i" - 1)| log d(Xo, Fo)!) 

n>l 

< C209d{Xo,Yof'\ 

for some > 1. We have the following formula similar to (3.38), 

E ^logd{Xs„YsJ-logd{Xo,Yo)\-l(^\J{Si G [Qk,Qk+i]}^ Ic 

< E{l{s,<Q,}\logd{Xs„Ys,) - logd(Xo,yo)|lc) 

+ ^ E(l{5, e[Q„Q,+,]} I log d(Xs, , J - log d(Xo, yo) |lc) 
fc>i 

< E(l|cj,<Q,}|logd(X5,,y5j -logd(Xo,ro)|lc) 

+ Y,^msr>Q,} sup \logd{Xt,Yt)-\ogdiXo,Yo)\lc) 
fc>i te[Qk,Qk+i] 

< C209d{Xo,Yo)'^'^ + 2-'=C2iiA;d(Xo,yo)^^''+' 

fe<l/(4c2iod(Xo,Y-o)) 

+ 2-''c2i2kdiXo,Yo)l^'°+^ 

fc>l/(4c2iod(Xo,yo)) 

< C209d(Xo,yo)^" +C2i3d(Xo,yo)^^° +C2i4d(Xo,yo)-'+''^° exp(-C2i5d(Xo,ro)-') 

< C2i6d{Xo,Yof'\ (3.39) 

for some /?i2 > 1. We can bound 

E (l log d{Xs, , Is J - log d(Xo, Fo) I eK}) 

by the sum of the right hand sides of (3.31), (3.32), (3.33) and (3.39). Part (iii) of the lemma 
follows. □ 



4. Arguments based on excursion theory. 

We start this section with a review of the excursion theory. See, e.g., [M] for the foundations 
of the theory in the abstract setting and [B] for the special case of excursions of Brownian motion. 
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Although [B] does not discuss reflected Brownian motion, all results wc need from that book readily 
apply in the present context. We will use two different but closely related "exit systems." The first 
one, presented below, is a simple exit system representing excursions of a single reflected Brownian 
motion from dD. The second exit system, presented after Lemma 4.2, is more complex as it encodes 
the information about two reflected Brownian motions X and y, and stopping times Sk and U^- 

An "exit system" for excursions of the reflected Brownian motion X from dD is a pair 
{L1,H^) consisting of a positive continuous additive functional Lj and a family of "excursion 
laws" {H^}xi^Qr). We will soon show that = . Let A denote the "cemetery" point outside 
and let C be the space of all functions / : [0, oo) — > U {A} which are continuous and take 
values in R^ on some interval [0, C), and are equal to A on [C,oo). For x G dD, the excursion 
law is a cr-finite (positive) measure on C, such that the canonical process is strong Markov on 
{tQ,oo), for every to > 0, with the transition probabilities of Brownian motion killed upon hitting 
dD. Moreover, gives zero mass to paths which do not start from x. We will be concerned 
only with the "standard" excursion laws; see Definition 3.2 of [B]. For every x G dD there exists a 
unique standard excursion law in D, up to a multiplicative constant. 

Excursions of X from dD will be denoted e or e.,, i.e., if s < u, Xs,Xu G dD, and Xt ^ dD 
for t G {s,u) then Cg = {es{t) = Xt+s, t € [0,u — s)} and Ci'^s) = u — s. By convention, es{t) = A 
for t > C, so et = A if inf{s > t : G dD} = t. Let <S„ = {e^ : s < u}. 

Let at = inf{s > : L* > t} and let / be the set of left endpoints of all connected components 
of (0, oo) \ {t > : Xt e dD}. The following is a special case of the exit system formula of [M], 



E 



tei 



POO roc 

= e/ K.^i7^(-»)(/)ds = E / VtH''^{f)dL*, (4.1) 

JQ Jo 



where Vt is a predictable process and f : C ^ [0, oo) is a universally measurable function which 
vanishes on excursions et identically equal to A. Here and elsewhere H^{f) = fdH^. 

The normalization of the exit system is somewhat arbitrary, for example, if {L^,H^) is an 
exit system and c G (0, oo) is a constant then (cLj, {l/c)H^) is also an exit system. One can even 
make c dependent on x G dD. Let P^, denote the distribution of Brownian motion starting from 
y and killed upon exiting D. Theorem 7.2 of [B] shows how to choose a "canonical" exit system; 
that theorem is stated for the usual planar Brownian motion but it is easy to check that both the 
statement and the proof apply to the reflected Brownian motion. According to that result, we can 
take Lj to be the continuous additive functional whose Revuz measure is a constant multiple of 
the arc length measure on dD and H^'s to be standard excursion laws normalized so that 

H^{A) = lim^^Pl^'-^^\A), (4.2) 

for any event yl in a a-field generated by the process on an interval [to,oo), for any to > 0. The 
normalization of the local time is linked to the normalization of Ux, given before the statement of 
Theorem 1.2. 

The Revuz measure of L-^ is the measure dx/{2\D\) on dD, i.e., if the initial distribution of 
X is the uniform probability measure in D then E'' Jg lA{Xs)dL'^ = dx/{2\D\) for any Borel 
set AcdD, see Example 5.2.2 of [FOT]. 

We will show that = Lf. It is sufficient to verify that the normalization Lt = Lf works 
for the half-space = {{xi,X2) ■ X2 > 0}. Let Ka = {{xi,X2) G R^ : a;2 = a} and = inf{t > 
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0:BteKa}. Note that p(o,o)+5n((o,o)) < Tod,) = S/a for S < a, so H^^^^\Ta < Tgo,) = I /a, 
assuming that H^'^'^^ is normahzed as in (4.2). The reflected Brownian motion Xt in the half-plane 
with Xq = (0, 0), and its local time on dD^, may be constructed from the planar Brownian 
motion = {Bj, Bf) starting from (0, 0) by the following formula 



Note that the y-coordinate of an excursion of the reflecting Brownian motion X from dD* is just an 

excursion of 1-dimensional Brownian motion away from 0. It is well-known that such 1-dimensional 
excursions form a Poisson point process. The event that Xt — (0, L^) does not hit Ki before time 
is the same as the event that there is no excursion of X from dD^ such that it starts at a time 
t with = a, a e [0, 1], and the height of the y-coordinate of the excursion exceeds 1 + a. If 
we assume that = Lf, then according to the exit system formula (4.1), the probability of this 
event is equal to the probability that a Poisson random variable with parameter i^'^'^ takes 
value 0, i.e., this probability is equal to 



Hence, 



exp { - / ) = 1/2. (4.3) 

The event "Xj — (0, L^) does not hit Ki before time a^" is the same as the event "i?t does not hit 
Ki before hitting and, obviously, the last event has probability 1/2. This agrees with (4.3) 

so the assumption that = is correct. In other words, the normalization of the local time 

contained implicitly in (1.1) and the normalization of excursion laws H'^ given in (4.2) match 
so that {dL^ , H^) is an exit system for Xt from dD. 

Let Tqd, = inf{t > : 5* G dD^}. Then by Theorem II. 1.16 of [Ba], 

ij(°'°He(C-) e dy) = lim^p(0'0)+^»«0'0))(Si(raoJ G dy) 

510 

" 5™ S ■ ^7r(l + (y/(5)2)'^^ " 

This means that ujx{dy) = H^{e{(—) G dy), and it is easy to see that this result extends to all 
C^-smooth domains D. 

Lemma 4.1. For some ci, 02,03 G (0, 00) and any x,y & D and a > 0, 

(i) P^'2'(Lf >a)< 2e-^i«, and 
(ii;P^'2'(L^^(^) >a)<C2e-^3a. 

Proof, (i) Since D is a bounded C^-smooth domain in R^, it is known (cf. [BH]) that the transition 
density function p(t, x, y) of the reflecting Brownian motion in D satisfies the estimate 

p{t,x,y) < C4t"^e-'=^l^-2'l'/* for t G (0,1] and x,y eD. 
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Therefore, 



sup E^[Lf^] = ce sup / / p{s,x,y)dsdy 

^c"n TgD 'J dD J 



< oo. 



^xeD 



Take cy > so that sup^-^'E^[L^] < l/{2cr). It fohows from Khasminskii's inequahty that 



sup E'' 
xeD 



e *o 



< 2. 



This impUes that for any a > 0, 



(ii) We have proved in part (i) that sup^^;^ E^e'^^^*o < 2. This, the additivity of L-^ and the 
Markov property of (X, y), imply that Eexp(c7(Lj^ — L^-i)) < 2. A routine apphcation of the 
Markov property at times t = 1,2,... shows that 

E^'J' exp(c7Lf ) = exp [ ^ (Lf - Lf_^) j < 2^ 

It fohows that if cg > is sufficiently small, then for integer A; of the form k = cga, 

P^'^(Lf >a) = P^'y (exp(c7Lf ) > exp(c7a)) 

< 2''exp(-C7a) = 2^«" exp(-C7a) < exp(-C7a/2) 

Since y i-^- py[LY > 1) = JoPih^V^ ^)^^{^Y/2 ^)^^ continuous on D, there is > such 
that M^^-^py{LY >l)>pi. Hence 

P^'y{Ll, < 1) = P^'y{Ll < 1) < {l-pi)' = {I -Pip'' = e-^\ 

For a of the form a = k/cg, where A; > 1 is an integer, we obtain, 

P"'"(^^-(i) > «) < P^'^^^a > a) +P-'^(c7^(l) > csa) 



<P^'y{Ll,>a)+P^'y{Ll^<l) 
< e-^^«/2 + e-"^" < cioe" 



-ciia 



It is elementary to see that by adjusting the values of the constants cio and cn we can make the 
formula valid for all a > 0. By interchanging the roles of Xt and Yt, we obtain part (ii) of the 
lemma. □ 



Recall that \D\ and \dD\ denote the area of D and the length of its boundary. 

Lemma 4.2. Let (p G C{dD). For any (5,p > there exists to < oo such that for every x e D, we 

have 

(i) 



P^ ( sup 

t>to 



>6] <p. 
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(a) In particular, 



sup 

t>to 



\dD\ 
2\D\ 



>S] <p. 



Proof. Let fi be the uniform probability distribution on D. By Lemma 4.1 (i), sup^^-^ E^L^ < oo. 
Since <f{x) is bounded, it follows that sup^^-^ E^| J^^ (f{Xs)dL^ \ < oo and E^| ip{Xs)dL'^\ < oo. 
Since ji is the stationary distribution for X, the ergodic theorem shows that P'^-a.s., 

lim-/ ^{X,)dL^ = \\ui{l/k) J2 / ^{Xs)dLf = W ^{X,)dL^ . 

The Revuz measure of is dx/{2\D\) on dD and (p{x) is a continuous function, so it is easy to 
see that 



Therefore, P'^-a.s., 



E'^ / <p{X,)dLf = ^ [ viy)dy. 

Jo '^\^\ JdD 

lim i / ip{X,)dLf = ^ / f{y)dy, 

t^OO t Jq 2\L>\ Jgjj 



and 



sup 

\t>t„ 



^ [\{X,)dLf--^ [ ^{y)dy 

^ Jo ^\^\ JdD 



> V6 < i>/6, 



(4.4) 



for any given (5, p > and some < oo. 

The arguments on p. 6 of [BB] or Theorem 2.4 in [BH] show that there are constants Ci, C2 > 
such that 



sup \pt{x,y) - 



1 

\D\ 



< ci e-'^^* for t > 1. 



(4.5) 



Let ti < oo be so large that the right hand side of (4.5) is p/6. Then the Markov property applied 
at ti, (4.4) and (4.5) imply that for x £D, 



P^ ( sup 

\t>to 



1 



tl+t 



^{Xs)dL 



X 



1 



2\D\ 



dD 



'^{y)dy 



> V6 



< P'' ( sup 

\t>to 



../o|+|<|. 



(4.6) 



We can increase to, if necessary, so that for all x G D, 



P^ ( sup 

\t>to 



tl+t 



v{X,)dLf 



tl+t 



tl+t 



viXs)dL 



> V3 < p/3, 



(4.7) 



and 



P^ ( sup 

K,t>t0 



h+tjo 



v{X,)dL 



> d/3 <p/3. 



(4.8) 



Part (i) of the lemma follows from (4.6)-(4.8) and the triangle inequality. Part (ii) follows from (i) 
by taking ip = 1. □ 
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We will have to analyze excursions of X from dD containing intervals {S^ ,Uk)- The exit 
system (L^, H^) is inadequate for this purpose so we will now introduce a "richer" version of this 
exit system, capable of keeping track of some extra information. 

Let ^(t) = maxjSfc : k > 0,Sk G [0,^]}- Consider the strong Markov process (Xj, Fj, ^^(t) , Yf(j)) 

andletes(t) = (Xs+t,Ys^t, X^(^g_^^^,Yl|^g_^_^^) for t > and s such that G dD axid ({eg) = inf{t > 
s : Xt e dD}—s > 0. For all other s, we let eg = A (a cemetery state added to R^). Note a technical 
difference with the previous version of the exit system — here, the excursions are not killed at Ci^s) 
but are continued after that time; this version of the exit system is discussed in Maisonneuve [M]. 

We will describe an exit system (L^, ff^^^'^'^'^^'^^)) for the process (X^, Ij, X^j-j) , Y^^^)) from 
the set dD x D'^. For any (xi, yi, X2, 1/2) G dD x D^ , i/(^i'fi'^2,3/2) jg ^ a-iimte measure defined as 
follows. The first component of {Xt, Y^, ^^(i), Y^^j)) under ii"(^i'2/i'^2,3/2) j^^g ^jjg game distribution on 
[0, C) as an excursion under H^^, defined previously. Under H^^^'y'^'^'^'y^\ the process Xt continues 
after C as a reflected Brownian motion in D, starting from X(^-, but otherwise independent of 
{Xt,t € [0,C)}- The other components of (Xt, It, , y^(-j-)) are determined by the first component 
as follows. First, we find B, the Brownian motion driving X, using the uniqueness of the solution 
to (1.1). Then we use B and (1.2) to define a reflected Brownian motion y in D staring from yi. 
We set Sf = U§ = and for k>l, 

Ul = inf{t > : d(Xt, X2) V d(Ft, 2/2) > aid(x2, 2/2)}, 

5^ = inf{t > Ul_^ : d{Xt,dD) V d(yt, dD) < a2d(Xt, yt)^}, 

U'k = inf{t > SI : d(Xt,X5.) V d(yt,y5.) > aid(X5.,ys^)}. 

Let ^^(i) = maxjS'^ : > 1, S"^ G [0, t]}. The last two components of the process under i7(^i'3'i'^2,2/2) 

are defined to be X^ej-t) and y£e(t) if ^^{t) > 0, and X2 and y2, if ^"^(i) = 0. 

3 

Note that the exit system for (Xt, If , X£(t) , y^(t)) from dD x D is equivalent, in a sense, to 

3 

the exit system of Xt from dD because D is the state space for [Yt, X£(t), y^(t))- Moreover, since 
X and y are strong solutions to the stochastic Skorokhod equations (1.1)- (1.2) driven by the same 
Brownian motion, it follows that (Yt, X^(t), y^(t)) is a deterministic function of {Xg, < s <t}. We 
included (yt, X^(t), 1^(4)) in the process so that we can keep track of the stopping times Sk and 
inside the excursions of Xf away from dD. 

In the present context, the exit system formula of [M] changes its form from that in (4.1) to 

E^Ft • fiet) = E / y^;.i7(^(-f )'^W-f ))'^W-f )))(/)ds (4.9) 
Jo 

where Vt is a predictable process and / is a non-negative universally measurable function which 
vanishes on excursions identically equal to A, and those with ^(e) = 0. 
Let 

= mi{t > Ul -.XtEdD or Yt G dD}, 

and recall that Zt^ = Xt<= if X^e g dD and Z^e = Yt<= otherwise. Recall also that F(s, u, x, a) 
denotes {supg<t<„ d(Xt,a;) < a}. Let Tx{A) = mi{t > : Xt G A}. 

We assume that the constant oi in the next lemma satisfies Lemma 3.6. 
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Lemma 4.3. (i) For any cq > there exist Ci < oo and ffo > such that ifxi G dD, yi,X2,y2 G D, 
d(a;i,X2) V d(yi,y2) < aid{x2,y2), d{xi,yi) > cod{x2,y2), d{xi,yi) < s < Eq, and |7r/2 - Z(yi - 
xi,n{xi))\ < CQ^d{xi,yi), then 

(n) For any co,/3i > 0, there exist ci < oo and Eq > such that if xi G dD, yi,X2,y2 & 
D, d(xi,X2) Vd(yi,y2) < aid(x2,y2), d(xi,yi) > cod(a;2, j/2), d(xi,yi) < £ < £0, ^ > 1, and 
|7r/2- Z(?/i -xi,n(a;i))| < CoM(xi,yi), fcien 

(Hi) For any cq > there exist Pi > 0, P2 > 1, and £0 > such that if xi G dD, yi,X2, 2/2 G D, 
d{xi,X2) V d(yi,y2) < aid(x2,?/2), d(a;i,yi) > cod(x2,?/2), d(a;i,yi) < £ < £0, and |7r/2 - Z(yi - 
Xi,n{xi))\ < CQ^d{xi,yi), then 

H{a.,,y,,..,y.) (^liogp^e - logpss|l{re<5|}lF^(Te,S|,z.e,./5i) I < C) < s''^- 

fivj For any cq > tliere exist /?i > 0, P2 > 1, and £0 > sucL tiiat if xi £ dD, yi,X2,y2 G D, 
d(xi,X2) Vd(yi,y2) < aid(a;2,y2), d{xi,yi) > cod{x2,y2), d{xi,yi) < £ < £0, and \n/2 - Z(yi - 
xi,n(xi))| < CoM(xi,yi), tiien 

(^Ilogp^e - 10gPS||l{S|<Te}li.c(5e,Te,Z.e,e^.) I < () < 

(v) For any cq, /3o > there exist /3i > 0, /32 > 1 and £0 > such that if Xi G dD, yi,X2,y2 G D, 
d(a;i,X2) Vd(yi,y2) < aid(x2,y2), d(a;i,yi) > cod(a;2,y2), d(a;i,yi) < £ < £0, and \-k/2 - Z(yi - 
a;i,n(xi))| < CQ^d{xi,yi), then 

H{x,,y,,..,y.) log^^, _ log/95||l{5S<.+ (e^o)}lFc(Te,T.(9i3),Z,e,s^i) I < C) < 

(vi) Let K = K{xi,E, = {x G dD : tana(xi, x) > £~'^i}. For anyco > tiiere exist c\ < 00, 
/3i > 0, /32 > 1 and £0 > such that ifxi G dD, yi,X2,y2 € D, d(a;i,a;2) Vd(yi,y2) < aid(x2,y2), 
d(xi,yi) > cod(x2,y2), d(xi,yi) < £ < £0, and |7r/2 - Z(yi - a;i,n(xi))| < Cg yi), tlien 

H{^uyux.,y2) (llogp^e -logp5s|l{z.e6K} | C^i < C) < ci£^^ 

(vii) Let K he defined as in (vi). For any cq > tiiere exist /3o, /3i > 0, /32 > 1 and £0 > 
such that if xi G dD, yi,X2,y2 G D, d(rEi,X2) Vd(yi,y2) < aid(x2,y2), d(xi,yi) > cod(a:;2, ^2), 
d(a;i,yi) < £ < £0, and |7r/2 - Z(yi - xi,n(a;i))| < Cg M(xi,yi), then 

H{a.^,y.,^.,y.) (^\ logp^e _ logpsdl{S|<r+(e^o)}l{X(Tx(9D))ei^} I U! < C) < s"^. 

Proof. Parts (i), (iii) and (vi) of the lemma follow from the strong Markov property applied at Ul 
and Lemma 3.9 (i), (ii) and (iii). Part (vii) follows from (v) (proved below) and (vi). It remains to 
prove (ii), (iv) and (v). 
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(ii) For > 2, if d{Xs^_^,Yse_^) < e^^^ then both processes are within distance C2£^^'^ of dD 
at time 5'|_]^. Brownian motion starting at a point z at most C2£^^^ units away from dD will hit 
dD before hitting dB{z,e^^) with probability no less than 1 — cse^^ . This and the strong Markov 
property applied at Sj_i, j = 2,3, . . . ,k, imply that 

We combine this with part (i), using the strong Markov property at time to see that (ii) holds. 

(iv) If Si < T'^ then d(Xsj,l5e) < e and d{Xs2,dD) < ae^. Suppose that /3i e (0,2). 
Brownian motion starting at a point z at most cie'^ units away from dD will hit dD before hitting 
dB{z, ) with probability not less than 1 — C2£'^~^'^ ■ By the strong Markov property applied at 

qe 
'-'2) 

Hi-^,yux.,y.) (^F%Sl,Tx{dD),Xs^^,e^-) \ Ul < C,S| < < cse''-^^ 

This, the strong Markov property applied at /Sf and part (i) of the lemma imply part (iv), for a 
suitable choice of f3i and (32- 

(v) We have for some /32 > 1, 

H{^i,yux„y.) (^|logp[/e -logps||l{^+(^,3o)>S|}lF=(re,Tx(ai?),ZTe,e/3i) I < C) 

< H^^-'y^'^^'y^^ (|iogpc/f -iogP5s|i^^c(^e,se,^^,,,.,/2) I < c) 

+ (l logp[/e - logp5||l{52^<r+(e/3o)ATx(a7?)}lF(T%SS,ZTe,e^i/2) 

^ lF=(S'J,rx(aD),X(5|),e''i/2) I ^1 < C) 

< + i^g^^^^ _ logp5s|l{5S<.+ (e^o)ATx(aD)} 

^ lF=(S'|,Tx(aD),X(5|),e'*i/2) I ^1 < C) ; (4-10) 

where the last inequality follows from (iii). It will suffice to bound the second term on the right 
hand side. If d{Xs-,Ys-) < e'^", then d{Xs2,dD) < cie^/^o. Choose /3i > so that 2/3o - /3i > 0. 
Brownian motion starting at a point z at most cie^'^° units away from dD will hit dD before hitting 
dB{z,£^^^ /2) with probability not less than 1 — C2£'^^°~^'^- By the strong Markov property apphed 

^(xi,yx,x„,.) ^F'^SI,Tx{dD),Xs^^,ef'-/2) \ f/f < C,5| < t+{s''°),J^s^J < c^e^^^-^^ 

This, the strong Markov property applied at 51 and part (i) of the lemma imply that the second 
term on the right hand side of (4.10) is bounded by Ci£^~^'^^°~^'^ . This completes the proof of the 
lemma. □ 



Lemma 4.4. (i) There exists ci < oo such that for xi G dD, y\,X2,y2 £ D, 

^(xi,j/i,X2,y2)|logcosa(xi,X^_)| < Ci. 
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(ii) Let K = K{xi,£, Pi) = {x G dD : tan Q;(a;i, x) > e~^i}. For any cq > there exist 
Pi > 0, (32 > 1 and eo > such that if xi € dD, yi,X2,y2 G D, d(xi,a;2) Vd(i/i,y2) < 0id(.X2,y2), 
d{xi,yi) > cod{x2,y2), d{xi,yi) <e <eo, and |7r/2 - Z(yi - a;i,n(xi))| < Cg then 

H{xuy^,x.,y.) (|logcosa(xi,X^_)|l{x(Tx(aD))eif} I <()< e"^. 

(Hi) For any cq > there exist Pi > 0, P2 > 1 and Eq > such that if xi € dD, yi,X2,y2 G D, 
d{xi,X2) V d(yi,y2) < aid(x2, J/2), d(xi,yi) > cod(x2,y2), d(xi,yi) < e < £0, and \tt/2 - Z(yi - 
xi,n(a;i))| < Cq fcien 



(iv) For any cq > there exist Pi > 0, P2 > 1 and Eq > such that if xi G dD, yi,X2,y2 G D, 
d(xi,a;2) V d(yi, j/2) < aid(x2,y2), d(xi,yi) > cod(a;2,y2), d(xi,yi) < e < £0, and \tt/2 - l{yi - 
xi,n{xi))\ < Cq M(xi,yi), then 

^(x„yi,x„,.) (|logcosa(xi,Xc_)|l{S|<Te}li.c(55,Te,Z.e,e/'i) I < C) < ^''^ 

fvj For any cq > tiiere exist /3i > 0, /32 > 1 and Eq > such that if xi G dD, yi,X2,y2 G D, 
d{xi,X2) Vd(yi,y2) < aid(x2,y2), d-{xi,yi) > Cod{x2,y2), d{xi,yi) < e < Eq, and \tt/2 - Z(yi - 
xi,n{xi))\ < CQ^d{xi,yi), then 

(|logcosa(xi,Xf_)|l^e(Te,T,(ai3),z,e,e/5i) I < C) < 



Proof, (i) Recall from Section 1 that we have assumed that the boundary of D is C*-smooth and 
that there exist at most a finite number of points xi,X2, . . . , x„ such that u{xk) =0, k = 1, . . . , n, 
and the third derivative of the function representing the boundary does not vanish at any Xk- This 
implies that there exist (5o, C2, C3 > such that if x G dD and d(x, Xk) < 60 then \i'{x)\ > C2d(x, Xk); 
moreover, if x G dD and d(x, x^) > for every k = 1, . . . ,n, then \i^{x)\ > 03. We make Sq smaller, 
if necessary, so that we can assume that d{xj,Xk) > 45o for all j 7^ k. It is elementary to see that 
there exists C4 > with the following properties (a)-(c). 

(a) For every x G dD such that d(x,Xfc) > 2So for /c = 1, . . . , n, and every y G dD with 
d(x, y) < So, we have |a(x,y)| > C4d(x,y). 

(b) If X G dD and d(x, x^) < 2do for some k, y E dD, d(x, y) < Sq, and y lies on the same side 
of Xfc as X then |Q!(x,y)| > C4d(x, y)d(x, x^). 

(c) Suppose that x = Xk for some k. If y G dD and d(x,y) < 60 then |a(x,y)| > C4d(x,y)^. 
Make 60 smaller, if necessary, so that for any x, y G dD with |q!(x, y)| > 7r/4, we have d(x, y) > 

4(5o. 

It is standard to prove, using the same methods as in the proof of Lemma 3.2, that for some 
C5,C6 < 00 and all x G dD, we have Uxidy) < C5d(x, y)~^dy if d(x, y) < 60, and ujx{dy) < c^dy if 
d(x,y) > 60- 

Consider any z G dD and let zi, Z2, ■ ■ ■ , Zm be all points in dD such that a{z, Zk) = tt/2. The 
number m of such points is bounded by a constant mo depending on D but not on z. Let Fi be the 
set of points on the same connected component of dD as z, within the distance 60 from z. The family 
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of points {zi, . . . ,Zm,Xi, . . . ,Xn} divides dD\Ti into Jordan arcs F^, 2 < k < no, with no < n + m. 
For an arc F^, let and y^ denote its endpoints, and let F^ = {x € F^ : (i{y'j^,x) < Sq}, 
F+ = {x G Ffc : d(y+, x) < do}, and F^ = F^ (F" U F+). 
Since 

^(z,j/i,x2,3/2)|ioggogQ,(^^j^^_)| = H'^\\ogcosa{z,X^_)\ = / \ log cos a{z,y)\u;^{dy), 

JdD 

we will estimate the integral on the right hand side. We will split the integral into the sum of 
integrals over F^'s. Let A denote the arc length measure on dD, i.e., X{dx) is an alternative and 
equivalent notation for dx. 

Since u{x) is bounded over dD, for x G Fi we have a{x, z) < crd{x, z) and so | log cos a(x, z)\ < 
csd{x,z)^. Recall that u>x{dy) < c^6.{x,y)~'^dy if d(x, y) < 5q. This implies that 

r rSo 

/ |logcosa(z, ?/)|a;2(c?y) < 2 / cgu^c^u'^du < cgSo. (4-11) 
Jti Jo 

Consider an arc F^ with k > 2. First assume that the distance between and is greater 
than Sq. Since the curvature i^(x) has the constant sign on Ffc, the function x a{z,x) takes its 
maximum at one or both endpoints of F^. Recall that, by convention, a{z,x) < 7r/2. This and 
(a)-(c) show that 

X{{x e F- : 7T/2 - a{x,y^) G [2-\2-^-']}) < c,o2-^/'. 
We have Uz{dx) < c^dx for x G F^ so 

|logcosa(2;,y)|a;^(dj/) < j2-^/2 ^ ^^^^ (4 12) 

and similarly 



L 



j>i 



L 



|logcosQ;(z,y)|a;2((iy) < C12. 
By (a), for x G F^, 7r/2 — a(x, z) > C13 > 0, where C13 does not depend on z or k. Hence, 

/ |logcosa(2;,y)|w^(dy) < ci4\dD\ = C15. 

M 

Next suppose that the distance between y^ and is less than 60 . Then one of the endpoints 
of Ffe, say y;^, is a point Xj-^, and y^ is a point Zj^. By Lemma 3.7, 

A({x G Ffe : 7r/2- a(x,y^) G [2"^ 2-^-i]}) < c^e2-^/\ 

for 2"^ < ci7d(y^,y^). Hence, 

y |logcosa(z,y)|a;,(dy)<ci8 Yl j'^~'^^<Cw. (4.13) 
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Since the number of arcs no is bounded by a constant independent of z, we obtain 

H^^'V^'-^'V^) \\ogcos a{z, X^_)\ < V / \ log cos a{z,y)\u;,{dy) < cao- 

(ii) It is not hard to prove, using (4.2), that H^^^'y^'^^'y^^U^ < C) ^ C2e~^, so part (i) imphes 

that 

Hixi,yi,x^,y2) (|iogcosa(xi,X^_)| | < C) < caE. (4.14) 

The proof of part (ii) can be finished by applying the same ideas as in part (i) . The only modification 
that is needed is to restrict the range of j in (4.12) to < and similarly for (4.13). 

(iii) We have 

H{^uyi,x.,y.) (^|iogcosa(xi,Xc_)|l{T^<5|}lF.(Te,ss,z.e,e/5i) I < C) (4-15) 

< (|10gCOSa(Xl,Xf_)|l^e(Te,S|,X.e,e^l)l{Te<5|,X.e=Z.e} | C^f < C) 

+ ^^"^'"^'"^'"^^(|logCOSa(xi,Xc_)|lpc(T,(aD),S|,Z.e,e/^i/2) 

X ^{YTe=ZTB,Tx{aD)<SI} I Ui < 
+ ^^^"^'"^'"^'"^^(|logCOSa(xi,Xf_)|l^e(Te,T.(aD),y:.e,e/'i/2) 

X l{Y'Te=ZTe,T=<Tx(90)} I ^^1 < C) • 

The first term on the right hand side is bounded by ci£^^ for some /Js > 1 by (4.14), the strong 
Markov property applied at Te(dD), and (3.34). A similar bound holds for the second term, by the 
strong Markov property applied at Tx{dD). To estimate the last term, we fix a /?4 G (1, 1 + /3i) 
and note that, 

H{x„yux.,y.) (|logCOSa(xi,X^_)|l^.(r.,r.(gO),y,e,e''i/2)l{Y.e=Z,.,Te<rx(aD)} | < C) 
< (|logCOSa(xi,Xc-)|l{d(T.(ai5),x,)<2e/'i} I < C) 

+ ^(x„y„x„y.) (|logCOSa(xi,X^_)|l{d(X^e,aD)<e/34} I f/f < C) 

+ H^"'' '""^'"^^ (I log COS a(xi , ) I l{d(Tx (9I?),xO>2eft ,d(X^e ,dD)>e^^ } 

X lFc(Te,Tx(9r)),YTe,£''l/2)l{yTe=ZTe,T=<Tx(9D)} | < . (4-16) 

To bound the first term on the right hand side we use the same idea that underlies (4.11). The 
conditioning on {Uf < (} transforms the excursion law H into a probability distribution. The event 
in question concerns Brownian motion starting at X{Ui) and killed upon hitting the boundary. 

The starting point, X(Ui), is at most C2£ units away from xi. For points y G dD with d{xi,y) G 
(2"^^, 2"'^+"'^], we have | logcosQ;(xi,y)| < C32~^'^, and the probability of hitting the set of such 
points is bounded by 0^62'^, by Lemma 3.2. Let ki be the smallest integer such that 2~'^^ < e, and 
let k2 be the smallest integer such that 2"'^^ < 2£^'^ . Then the first term on the right hand side of 
(4.16) is bounded by 

C32-2^C4e2'= < C5£^ 

fe=fci 

50 



We turn to the second term on the right hand side of (4.16). It is rather easy to show, using 
(4.14) and the same ideas as in part (i) of the proof, that for any r > 0, 

ji-(xi,3/i,x2,j/2)(|iogcosa(a;i,X<;_)| | C/f < C,d{Xui,dD) = r) < cqe. 

It is straightforward to see that 

/f(^i'^i'^^'^=)(d(Xc/e,5L>) <r\U^<0< crre-\ 

One can use these estimates to find a bound of the form cgs^^ with > 1, for the second term on 
the right hand side of (4.16). 

To bound the third term on the right hand side of (4.16), we condition the process {Xt,t G 
(UfX)} under i^'(^i'!/i'^2,y2) q^i its endpoints Xu^ and Xrpx(dD)- The result is an ^-process i?, in 
the sense of Doob, starting at Xu^ and killed at ^Tx(9-D)- Consider random sets 

K^ = {xeD: d{x,dD) < C9£'+^Sd(x,xi) < e^' /2,d{x, Xt^^qd)) > e^V2}, 
K2 = {xeD: d{x,dD) < e,d{x,xi) > e^' /2,d{x,XT^^QD)) > e^' /2}, 

for some cg . Suppose that the events in the indicator functions in the last term on the right hand side 
of (4.16) hold. If d(a;i, Zt^) < then the process R must hit Ki, otherwise it must hit K2. The 

following two estimates follow from standard properties of harmonic measure. If d{Xue , dD) > e^^ 
then the probability that the /i-process R hits Ki is bounded by ciq£^^^'^~^* , and the probability 
that it hits K2 is bounded by ciie^~^^. The conditioning on {Uf < (} contributes a factor of Ci2£ 
(see (4.14)), so we obtain a bound Cue' for the third term on the right 

hand side of (4.16), for some (3^ > 1. All terms on the right hand side of (4.16) have bounds of this 
form so this finishes the proof of part (ii) of the lemma. 

(iv) We have 

(|logcosa(xl,Xc_)|l|s|<Te}l^.(5,^T^z,e,e^l) I < C) 

< Hi^uy^,^.,y.) (|logcosa(xi,Xc_)|l{5e<T.(9Z5)}lFc(S|,T.(az?),x,,(a.),e''^) I U! < C) ■ 

This can be estimated just like the last term on the right hand side of (4.15), i.e., (4.16). The 
crucial point is that the distance from X to dD must be less than ci£^ at time ^f. The estimates 
of the third term on the right hand side of (4.16) are based on the fact that the distance from X 

to dD at time T"^ is bounded by 026'^'^^^ (sec the definition of Ki). 

(v) This estimate has been already proved in part (iii) because the relevant expression appears 
as the last term on the right hand side in (4.15). □ 



Lemma 4.5. (i) There exist Po,Pi > 0, /32 > 1 and cq, £0 > such that if xi G dD, yi,X2, y2 G D, 
d{xi,X2) V d(yi,?/2) < aid(x2,?/2), d(xi,yi) > cod{x2,y2), d{xi,yi) < £ < eq, and |7r/2 - Z(yi - 
x-i_,n{xi))\ < Cq M(xi,yi), then 

^^"^'^^'"^'^^^(|logPt/f -logpss - |logCOSa(xi,X^_)|| l{S|<r+(.''o)} 

'^F{T<= ,S^,ZTe ,ef<i)'^F{T<= ,Tx{dD),ZTe ,ef^i) I ^1 - - • 
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(n) There exist /3o > 0, /3i > 1 and cq, eo > such that if Xi G dD, yi,X2,y2 G D, d.{xi,X2) V 
d(yi,y2) < aid{x2,y2), d{xi,yi) > cod{x2,y2), d(a;i,?/i) < £ < £o, and |7r/2 - Z(yi - xi, n(xi))| < 
CoM(xi,yi), then 



Proof, (i) Let zi,Z2, ■ ■ ■ , z^o £ dD be all points with a{xi, z^) = -ix 12. For integer k, let M/^ C dD 
be the set of all points y such that tana(j/,a;i) G [2"^^, 2"'^+^]. Fix some /^a such that < /^a < 
/3i < 1. Let fco be the smallest integer with < e~<^^ and K = IJfe<fco Lemmas 4.3 (vii) 

and 4.4 (ii), we have for some /3o > 0, /?2 > 1, 

i?^"^'^^'""^^^(|logP[/e -logpsi - |logcos«(a;i,X^_)|| 
X l{S'|<T+(£'5o)}l{x(Tx(aD))ej<r} I t^i < c) 
< i/(=^^'^^'"^'^^)(|logpf;e -logp5||1^5.<,+ (,,„)}l{^(r^(a,5))6X} I Ul < C) 
+ i^^"^'^^'""^^^(|logcosa(xi,X^_)|l{x(Tx(aD))ex} I < c) 

It follows that it will suffice to show that for some P4 > 1, 

H(--'y-'--'y-) (^\\og pu^ - logpss - |logcosa(a;i,X^_)|| 

X '^{X{Tx{dD))^K}'^F{T'=,S^,ZT<=,E'^^)^F{T<',Tx{dD),ZT<=,ef^^) \ < < . 

Let 

Ti = A inf{i > -.YtEdD and \l{n{Yt),Xt - Yt) - tt/2\ < cid(xi, ya)^^} 
A inf{t > -Xt^dD and \^{n{Xt),Xt - Yt) - 7r/2| < cid{xi,y2f'}. 

for some ci. We will assume that events F(^^ S*!, Zr-, e^^) and F{T'',Tx{dD), ZT-,ef^^) hold 
and we will estimate \logpue — logpTi ~ I logcosa(xi,X^_)|| using this assumption. Let ki be the 
smallest integer with d(xi, M^J < e^K If X{Tx{dD)) £ Ufc>fci then Ti = Tx{dD) A TyidD). 
Hence, d(X(7e, Yf/e) = d(XTi,lTi) and | logcosa(a:;i,X^_)| < C2£^'^^. Thus, in this case, 

llogPC/e -logpTi - |logCOSa(xi,X^_)|| < C2£^^^ 

Now we make an extra assumption that Pi > 1/2 and we conclude that 

^(x.,..x.,..)Ql„g^^_l„g^^^^ - |logcosa(xi,Xc_)|| l{x(T.(aD))eU,>,^M,} 

X lF(T^s,^ZTe,e'3l)lF(T^Tx(ai^),ZTe,£'3l) I t^f - - ^ ^^'-^^^ 
for some /^s > L 
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Suppose that X{Tx{dD)) G with ki < k < k^. Note that, by assumption, \a{xi,Zi:) — 
a{xi, X^-)\ < CsS^-^ for all t G [[/f,Ti] such that one of the processes X or 1" is on the boundary 
at time t. We have {d/d^)\ logcos7j = tan7 for 7 G (0,7r/2). This and easy geometry imply that 
the change in on the interval [J7f,Ti] is equal to log cos a(a;i, up to an additive constant 

bounded by C42~''e^'^, i.e., 

I log PC/f - log - I log cos a{xi , X^_ ) 1 1 < C42"^£^i . 

By the strong Markov property applied at Uf and Lemma 3.2, 

H^^^'V^'^'^'y^^XiTxidD)) e Mk I C/f < C) < C5£2'=, 

so for ki < k < ko, 

^(xi,3/i,X2,3/2)QlQg^^^^ -logpsj - |logCOSa(.Xi,X^_)|l l{X{Tx{dD))eMk} 

^ lF(Tss'2,ZTe,£fi)lF(Ts,Tx(an),ZTe,£'5i) I ^1 - '^^ - ^e£^~^^\ 



and 



H(^^'y^'^^'y^) [\\og pu^^- log ps^^ - |logcosa(xi,Xc_)|| l^xiTxi9D))e[j^^^^^^^M,} 

X lF(Te,S-,ZTe,£''i)lF(r-,Tx(c>D),ZTe,£''i) I ^1 < C) < CtS^+'^M log £ I < Cse'^" , 

for some Pe > 1. This and (4.17) imply that for some (3r > 1, 

H^-^'y^'^-'y-^ (^\log puf- log pT, - |logcosa(xi,X^_)|| (4.18) 

X '^{X{Tx{dD))^K}'i-F{T'',S^,ZTe,e'^i)^F{T^,Tx{dD),ZTe,£'^i) | C^l < C) < Cg£^''. 

The following definitions assume that Xj-k G dD. If Yrpk G dD then the roles of X and y 
should be interchanged in the definitions of T^,T^,T^,T^ and T^+^. Let = Ti and for > 1, 

= inf{i > : d(Yt,YTk) > 2d{Yj^k , dD)}, 
TI = inf{t > : Yt G dD}, 

= inf{t > : if - L^k > ciod{Y^k , dD)} , 

rf+^ = inf{i > -.XtedD or Yt G dD}. 

Ifj^k+i < ^+(£/3o) and d(Xrfc,XTe) < then |7r/2- Z(n(^t),Xt-Yt)| < cne^^ for i G [T^,T^+'^] 
and Mfc+i - L^k < ci2d{XTk,YTk)£^K The change of d{Xt,Yt) on the interval [T^,T^+'^] is 
bounded by the product of these numbers, that is ci3d{Xrpk ,Yj^k)e^^'^ . This implies that the 
increment of |log/9t| on the interval [Tf,Tf"'"'^] is bounded by Ci4£^^^. By Lemma 3.3 (i), the 
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probability that > is bounded by p^, for some pi < 1. We obtain, by the strong Markov 
property apphes at Ti, 

k>l 

The exponent is greater than 1 provided /3i > 1/2. Part (i) of the lemma follows from the last 
estimate and (4.18). 
(ii) We have 

H (^|logp[/e - logpsi - I logcosQ;(xi,X^_)|| 1{5|<t+(£/3o)} I < C) 
< H^-^'y^'^^,y^^ (^\log pu^- log pse - |logcos«(xi,X^_)|| l{5e<,+(,,o)} 

X 'i-F{T<=,S^,ZTe,6l^i)^F{T^,Tx{dD),ZT.e,£'^i) \ 



_|_ Jjixi,yi,x2,y2) 
_j_ fj{xi,yi,X2,y2) 
_|_ fj{xi,yi,X2,y2) 
_|. Jjixi,yi,x2,y2) 
_|_ fj{xi,yi,X2,y2) 



^OgPU^ - l0gPS'e|l{Te<S|}lF=(T^S■|,ZTe,£'3l) I ^1 ^ C) 
lOgPC/f - 10gP5||l{Se<7^e}l^c(Se Te^2^,_£/5i) | < 

lOgPC/e - 10gPS||l|S|<^+(g/3o)}li7'<:(7^e^T^(ao),ZTe,e''l) I ^1 ^ C) 

logCOSQ;(xi,X^_)|l{Te<S|}lFc(TsS2,ZTe,£/3i) I < C) 

10gCOSa(Xl,X^_)|l{5e<Te}lj.c(5e^TSZTe,£'3l) I ^^1 < C) 



+ (|logCOSa(xi,Xc_)|lpc(T.,Tx(aD),Z,e,e/'.) I < C) ■ 

Part (ii) of the lemma follows from the above formula, part (i) of this lemma, and estimates in 
Lemma 4.3 (iii)-(v) and Lemma 4.4 (iii)-(v). □ 



Lemma 4.6. For any Pi G (1,2) there exist P2 > 0, and £0 > such that if e < £0 and 
d(Xo,yo) < £ then 

P{d{Y^x,dD) >e^^)< 



Proof. By Lemma 4.1 (ii), P(L^x > a) < c\e '^2". Hence, for any /^a > and some (3^ > 0, 

"'1 

P(i^^x > Pz\\oge\) < ciexp(-C2/33|log£|) = 
If the event Ai = {L^x < Ps] log£|} holds then, by Lemma 3.8, 

sup d{Xt,Yt) < d(Xo,yo)exp(c4(l + /?3|log£|)) < c^e^-""'^' = c^e^-^\ 
te[o,<T^] 

Choose > so small that we can find (3q and /Jy such that (3^ < (3^ < (5f < \ — (3^ and 
/3i = 1-/35 + ^6- 
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Let Ti = mi{t > : G dD} and {Vt,0 < t < - T-^} = {X^x_t,0 < t < - Ti}. 
If we condition on the values of Xt-^ and X^x, the process F is a reflected Brownian motion 
in D starting from X^x and conditioned to approach Xt^ at its lifetime. It is easy to see that 

Suppose that the event A2 = {d{XTi, X^x) > s^*^} holds. Conditional on this event, the 
probability that V does not spend e^'^ units of local time on the boundary of dD before leaving the 
disc B{Vo,£^'^) is bounded by e^'^~l^'^. Let A3 be the event that V spends e^'^ or more units of local 

time on the boundary of dD before leaving the disc B(Vo, e^'^). If ^3 holds then it is easy to see 
that d{Y„x , dD) < ei-^^s+z^e = ^Pi ^ave shown that d{Y„x , dD) < e^^ if Ai n ^2 n A3 holds. 
Since P((Ai n ^2 n ^3)"=) < e'^^ + ces^^ + £'^^"^% the lemma follows. □ 



Recall that denotes an excursion of X from the boundary of D starting at time s and let 
a(es) = a(es(0),e5(C-)). 



Lemma 4.7. For any 6,p > there exist to,co < 00 such that for every x e D, we have 
(i) 



(ii) 



P^^ I |logcosa(es)| > Co I <J9, 



(sup - Y] |logcosQ;(es)| - / / \\ogcos a{z,y)\u>z{dy)dz 
\u>to gj^^ ^l-^l JdD JdD 



>S] <p. 



Proof, (i) It suffices to show that J2e e£ I logcosa(es)| has a finite expectation, bounded by a 
constant independent of x. This follows from the exit system formula (4.1), Lemma 4.1 (i) and 

Lemma 4.4 (i). 

(ii) Suppose that Xq has the uniform distribution in D. Then, by the exit system formula, 
and since the Revuz measure of is dx/{2\D\), 



E |logcosa(es)| = E / (| log cos a(e,)|)dL^ 

. CP. -'0 



I iOg COS CKI^Csjl = Hi j n ^ ' y\lU^ISOtiUt\^tig)\)U±'^ 

= ^717^/ / I'^og COS a{z,y)\u;z{dy)dz. 

^I-^I JdD JdD 



By Lemma 4.4 (i) and its proof, the last integral is finite. 

Let Vfe = Ylese£k\£k-i I log cos a (e^)!. By the ergodic theorem. 



lim — I logcosafcs)! = lim (1/fc) 

= ^TiT^ / / |logcosa(z,y)|w2(d2/)d2;. 

JdD JdD 



'dD JdD 
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Recall from (4.5) that the transition density Pt{x, y) of reflected Brownian motion converges to 

2 

1/\D\ exponentially fast as t — > oo, uniformly in {x,y) G D . This can be used to finish the proof 
of part (ii) of the present lemma, using the same argument as in the proof of Lemma 4.2 (i). □ 

Recall that T'^ = Ufc(f^fc, -^fe+i]- 
Lemma 4.8. There exist ci, eo > such that if d(Xo, Iq) < e < then for any t>l, 

E / dLf < cite|loge|. 

Proof. It is easy to deduce from Lemma 3.3 that 

^(^lAr+-^Uo)<^2e. (4.19) 

Next we will estimate (-^5^,^^ ~ ^c^fc)-'-{f7fc<T+}- ^'^^ some k > 1 and assume that Uk < ■ 
Note that d{Xu^, , dD) V d{Yu^ , dD) < c^d{Xu^ , ^c/J- Let Ti be the first time after Uk when either 
X or y is in dD. Let no be the greatest integer such that 2""° is greater than the diameter of D 
and let ni be the least integer greater than | log d(X(7j^ , Yiy^.)!/ log 2. By Lemma 3.2, 

P(d(Xc;,,XrJ > 2-) < c^d{Xu,,Yu,)2\ 

for no <n <ni. This obviously implies that 

P(d(Xc,,,XTj e [2-,2-+i]) < c^d{Xu,.Yu,)2\ 

for no < n < ni. Simple geometry shows that if d{Xu^,XT-i^) G [2~"', 2""'+^] and Zt^ = Xt^ then 
d{YT,,dD) < C4d(X[/,,y[/j2-", and if Zt, = Yt, then d{XT,,dD) < C4d{Xu„Yuj2-^ . Hence, 

F{d{XT„dD)\/diYT„dD) e [c4d{Xu„Yuj2-''-\c4d{Xu„Yu,)2-^]) 
<csd{Xu„Yu,)2^, 

for no < n < ni , and 

BidiXT,,dD)Wd{YT,,dD)) < C5diXu„Yu,)^\logd{Xu„Yu,)\. 

By Lemma 3.3 (ii), assuming that eo is small, 

I Uk <T+) <ced{Xu„Yu,)'\logd{Xu„Yu,)\. 

It is elementary to check that 

E {L§^ - Lg I Sk < r+) > crd{Xs„Ys,), 
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and the conditional distribution of L^j^ — Lg^ given {Sk < t+} is stochastically bounded by an 
exponential random variable with mean csd{Xs^,Ysf^). Note that d{Xu^,Yu^) < cgd{Xs^,Ysf^). 
Hence, 



m 

df 



k=l 

is a submartingale with respect to the filtration = ^g^j^x' 

m 

M = inf{m:5^(L^^-Lfj>t} 

k=l 

and Mj = M A j then 



fc=i 



and 

k=l k=l 

We let j ^ oo and obtain by the monotone convergence 

M M 

-^^Jl{t/.<r+} ^ Ej^cio^llogeKL^, -Lfjl^^^<^+j < cnte|log£| 

k=l k=l 

Hence, 



e/ ^^/i^f <E5:(Lf^,,-L^JV,<,+}<cnte|loge| 

Jr<^n[f/i.CTf AT+(e)] 

This and (4.19) imply the lemma. 



Recall that eg denotes an excursion of X from dD starting at time s, a{es) = a{es{0), es{C—)), 
and St is the family of excursions with s <t. See the beginning of Section 3 for the definition of 

Pf 

Lemma 4.9. Let £*{t) he the restriction of £t to those excursions e„ that satisfy the condition 
s^Pse[u,u+ae^))d{X„Y,) < e'^". For any /?o G (0,1) there exist Pi G (3/2,2), 80,^2 > and 
ci < 00 such that if Xq G dD, e < Eq, d(Xo, Iq) < £ and d(yO) dD) < e^^ then, 



E 



^ogp^x - I 



log cos a (cg) I 
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Proof. Recall the "rich" version of the exit system introduced before Lemma 4.3, and the accom- 
panying notation, i.e., stopping times S^. and C/|. Let ki be the smallest (random) integer such 
that Sk^ > . We will show that the triangle inequality yields 



log cos a(e<j 



logpaf - Yl 

+ H l{C/r<C(e.)} |logP[/,- 



- Y i{c^r>c(e 

log PS5 



)}! log cosa(es 
log cosa(es)|| 



+ 



\ogpu? - log PS 



fc+1 



+ Y |logcosQ;(es)| 

+ I log PSi - log po I + I log psfc, - log p<,x I . 



(4.20) 



We will argue that the right hand side properly accounts for all the terms on the left hand side of the 
last formula. All the terms of the sum g^.^^-x-j | logcosa(es)|, appearing on the left hand side, 
are accounted for on the first, second and fourth lines on the right hand side. The quantity logp^x 
can be represented as the sum of logpt/^. — logps^^..^^, for all k such that Q < Uk < Sk+i < (7^ , 
except that there are two extra terms corresponding to subintervals at the very beginning and at 
the end of [0, crf^]. The two extra subintervals are accounted for on the last line of (4.20). The 
intervals [Uk,Sk-\-i\ C [0,0"^"] are matched with excursions in the following way. Consider a Uk 
and find an excursion Cg = {es{t),t G [s, s + Ci^s))} such that Uk £ [s,>s + C(cs)]- Then Uk is one 
of the times C/| for this excursion. Note that if Uf > Ci^s) for an excursion e<j then there are no k 
such that Uk G + Ci^s)], so we restrict the sums on the second and third lines appropriately. 
We split the sums according to whether A; = 1 or A; > 2, and whether s G T or not. The sums on 
the second and third lines do not contain terms corresponding to C/f with s ^ T. This is because 
if s ^ T then [s, 5*1] is a subinterval of [Uk, Sk+i] with Sk+i = 5*1. Then Uk = Uj for some j and 
some excursion e* with u < s but note that we cannot have j = 1 and u ^ T. Hence, there is 
already a term accounting for the interval [Uk, Sk+i]- 

The following estimate is based on the same ideas as the proof of Lemma 4.4 (i) . If d(xi , yi ) < e 

then 

Ji'("^'^^'"^'^^ni{[/f>C(e.)}|logcosa(xi,X^_)|)< r C2r-^\logcos{c3r)\dr 

Jo 



Jo 



C2f '^C4{c3r)'^dr = c^e. 



Hence, by the exit system formula (4.9), 

E X l{[/e>^(g^)}|logcosa(es)| < C5£. (4.21) 
e^ef *(o-f ),ser 

We have H^^'^'y^'^'^'y'^'>[\ogcosa{xi,X^-)\ < cq for all {xi,yi,X2,y2) by Lemma 4.4 (i) so, by 
the exit system formula (4.9) and Lemma 4.8, 



E 



log cos Q;(es) I < ceE 



/ 



At+(£'30 )] 



./3o| 



log£|. 



(4.22) 
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We have by Lemma 4.5 (ii), for some > 1, 

(^|iogp^. _ logp^e - |logcosa(a;i,Xc-)|| l{se<,+ (,,o)} | < c) 
<crd{xi,yif^ 
so, by the strong Markov property apphed at Uf, 

H{x„y„..,y.) (^\log p^.- log ps^^ - |logCOSa(xi,Xc_)|| l{5|<r+(e/3o)}l{[/^<C}) 

This and the exit system formula (4.9) yield, 

E XI ^{U!<aes)} l^Ogpui - log PS- - |logCOSa(e^)|| l^s-Kr+iel^o)} 

<E Yl C7d{X,,Y,f^l{ui<ae,)}- (4.23) 
esGf '(o-f ),ser 

We will now estimate the right hand side of (4.23). Let 

It is not hard to check that E(L^^ - L| | J^s, ) > C9d{Xs^ , Ys^ ) and d{Xu^ , ^c/, ) < cwd{Xs^ , Ys^). 
Hence for an appropriate cg > 0, we have 'EMj > and the process Nk = J2j<k ^ submartin- 

gale. Let K = vai{k : Ylj<ki^Uj ~ ^Sj) — ^^^y check that L^, — Lg, is stochastically 

majorized by an exponential random variable with mean Ciid(X5^. , l^^) < CuS^" . By the strong 
Markov theorem applied at time , wc have E^^.^^(L^. — L-^,) < 1 + Cii£^°. By the optional 
stopping theorem we have ENkau ^ for any fixed n, so 

CgE J2 d{Xu„Yu,f^l[s,<r+(s^.)}<e'''-''^ (^^, - ^5,)l{5,<r+(e^o)} 

j<KAn j<KAn 

<£^^-l(l + Cii£'^«). 

Letting n — > oo, we obtain 

E Y diXu,,Yu,fn^s,<r+ie^on < c^^s^'-' ■ (4.24) 

j<K 

Note that 

E C,d{X,,Y,)f'-l{ui<ae.)} < E X d{Xu,,Yu,f^\s,<rHe^o)}, 

so this, (4.23) and (4.24) imply that 

E Y ^{ui<aes)}\logpui - log PS- -\logcosa{es)\\l{s-<T+{e^o)} 
e»e£*(o-f ),ser 

< ci3£^^"^ (4.25) 
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By Lemma 4.3 (ii) and the strong Markov property applied at i7f , if d(a;i,yi) < and k>2 



then 



so the exit system formula (4.9) implies 

logpc/e - logpsi^ I < ^ci4£'^°('=-^)/' < ci^e<'\ 



k>2 



for some /?4 > 0. 

By Lemma 3.9 (i), 

E|logpsi - log Pol < cie£. 
By Lemma 4.6, for some P5 > 0, 

P{d{Y^x,dD) > e^O < e^'- 

By Lemma 3.9 (i), 

E^^llogps,^ -logPaf |l{d(Y^x,aD)<e''i}) <Cl7£^°. 

The lemma follows from (4.20), (4.21), (4.22), (4.25), (4.26), (4.27), (4.28) and (4.29). 



(4.26) 



(4.27) 

(4.28) 

(4.29) 
□ 



Proof of Theorem 1.2. The proof will consist of three steps. First we are going to define some 
events. Then we will estimate their probabilities and choose the values of the parameters so that 
the probabilities of the events defined in Step 1 are large. Finally, we will prove that if all of the 
events defined in Step 1 hold then d{Xt,Yt) has the asymptotic behavior asserted in the theorem. 

Step 1. Suppose that h.{D) > and fix arbitrarily small 5, p > 0. Assume that 5 < A{D)/8. 

We will define a number of events and stopping times, depending on parameters e,kQ,ci, . . . ,cq, 
whose values will be specified later on. We will assume that all these parameters are reals in (0, 00), 
except that fco > is a (large) integer. The constant e will represent the initial distance between 
the two Brownian particles, i.e., e = d(Xo,yb)- Let 

Ai = {l-6< {s/a^{s)){2\D\/\dD\) < I + S, Vs > ^0} , 



A2 = < sup (L 

U>fco ^ 



^x(,)-2tj <0|>n<| sup d{Xt,Yt)<ci}, 

t<a^ (ko) 



A4 



sup 

t>C7^(feo) 



sup 

t><T^(feo) 



sup 

u>a^ (feo) 



<4> 



- y] |logcosa(e^)| - / / \\og cos a{z,y)\uj^{dy)dz 

~Tp JdD JdD 



<C25), 
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A. 



A. 



r<=n[o,<7^(feo)l 



u{X,)dL 



X 



r-n[o,a^{ko)\ 



Y 



< a^(A;o)<5| , 
<a^(fco)<5l. 



For each event Aj on the above hst, let Aj denote the event defined in the same way except that 
ko is replaced by ko — 1. The same remark applies to Aj and Aj. 
For integer A; > 0, let 

A', = - < (C3 log(A: + 2)f] , 

Tk = a^{ko + k + l)^ T+ (£exp(-C2(/co + k){k{D) - 75) + c^{l + (cg log(A; + 2)f))^ , 
T* = M{t >a''{ko + k + l):LY - L^x > (cg log(A: + 2)f} 

A r+ (£exp(-C2(A;o + k){A{D) - 76) + 04(1 + (cg log(fc + 2))2))) , 



l{d(^.X(,^+fc),l^,X(,j,+,))<£exp(-C2(fco+fc)(A(D)-75))} 



/ 



u{X,)dL 



<C25}, 



As - < l{d(X^X(,„+,),r X(,j,+,))<£exp(-c2(feo+fc)(A(D)-75))} 



/ 



+fc),T*] 



iy(Y,)dL 



<C2S 



A!^ = {d(X^x(fc„+fc),y^x(fc^+fc)) > £exp(-C2(A;o + k){A{D) - 76))} 
U {d{Y^x^ko+k+i),dD) < exp(-C5C2(A;o + fc)(A(D) - 75))}. 

Let £^''^{s,t) be the subset of £t \ £s consisting of these excursions e„ that satisfy 

sup d(X^, y^) < exp(-C6C2(A;o + k){K{D) - 75)), 

ve[u,u+i^{eu)) 

and let 



Ak 
^10 



n l{d(^<.X(,„+,),l^X(,^+,))<eexp(-c2(feo+i)(A(D)-75))} 



o<i</c 



|Qg^(fc0+fc+l) 



Pa^{ko+k) e^eS^'^ia^ {ko+k),a^ {ko+k+1 



log COS a(es 



< 026 
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Step 2. In this step, we will choose the parameters so that all events defined in the previous step 
have large probabilities. All the bounds on probabilities will hold uniformly for all starting points 

2 

{Xq^Yq) G D with d(Xo,yo) = £• The starting points will not be reflected in the notation. We 
can assume that e > is arbitrarily small in view of Lemma 3.1. 

First we use Lemma 4.2 (ii) to choose fco so large that P(^i) > 1 — p. Let C2 G (0, 1) be such 
that if Ai holds then for all A; > 0, 

C2{ko + k) <a^{ko + k). (4.30) 



We choose ci to be the constant £q of Lemma 3.6, assuming that the constant c\ in that lemma 

takes the value C2(5/3. 

Lemma 4.2 is stated for the process Xt but it applies equally to Y^. It is an easy consequence 
of part (ii) of that lemma applied to both Xt and Yt that if we enlarge /cq, if necessary, then 
P ^supj>ji.^(L^x(4) — 2i) < 0^ > 1 — p. It follows from Lemma 3.8 that if L^x^^^^^ < 2/co and e is 
sufficiently small then sup^<^x(fcp) d{Xi,Yi) < ci. Hence, for sufficiently small e, P(^2) > 1 — p. 

Using Lemma 4.2 (i) we can find ti so large that 



sup 

t>ti 



<5] > l-p/2. 



(4.31) 



By part (ii) of the same lemma, we can enlarge kg, if necessary, so that F{a'^{ko) > ti) > 1 —p/2. 
Hence, for this value of ko wc have P(^3) > 1 — p. Since (4.31) holds with X replaced by Y, our 
argument shows that P(^3) > 1 — p for the same value of ko. 

Enlarge ko, if necessary, so that P((T^(fco) > to) > 1 — p/2, where to is the constant in the 
statement of Lemma 4.7 (ii), assuming that in that lemma p is replaced with p/2 and 6 is replaced 
with C2S. Then it is easy to check, using Lemma 4.7 (ii), that P(^4) > 1—p holds with this choice 
of ko- 

We will next show that with an appropriate choice of the parameters, P(^5) > 1—p. Suppose 
that /3o > and /3i G (3/2, 2) so that we can apply Lemma 4.9 with these parameters. Recall the 
notation £*(t) from that lemma. Let 



= {d{X,x , Y,x ) < ei} n {d{Y„x , dD) < }, 



Gt 



Gk={ 



\0g{p,xjp,x)- 



\0g{p,xjp,x) 



I log cos a (cg 
^ I logcosa(e3)| 



<a^(fco)V(2A:o) > , 



<a'^{ko)5/{2ko) 



Choose £1 > so small that for k = 0, 1, . . . , /cq — 1, using Lemma 4.9 and the strong Markov 
property at , P(G^ | Fk) > l-p/{Ako). This implies that P(G;^) > l-p/{Ako) - P{F^)- 

By Lemma 4.6, we can find £2 > so small that for A; = 1, ... , ko — 1, the conditional probability 
of {d{Y X ,dD) < ef^} given {d{X x ,Y x ) < £2} is greater than 1 —p/{8ko)- By Lemmas 3.8 

k k—lk—1 

and 4.1 (ii), we can make £ so small that d(X x ,Y x ) < £1 A £2 for A; = 1, . . . , fco — 1 with 

fc — 1 fe — 1 



62 



probability greater than 1 — p/(8fco)- With this choice of e we have P{Gl) > 1 — p/{2ko) for 
k = 0,...,ko-l,so P(Uo<fc<fco-i Gl)>l- p/2. 

It follows from Lemmas 3.8 and 4.1 (ii) that if e is sufficiently small then P(t"'"(/cq^) > /cq) > 
l-p/2. UT+{k^') > ko then £*{ko) = £{ko), so we obtain P(Uo<fc<fco-i ^fc) > 1 — P- It is easy 
to check that Uo<fc<fc -i <^ ^5) so with our choice of parameters e and ko, PiA^) > 1 — p. 

Recall that u* = sup^^g^y \iy{x)\ < oo. Lemma 4.8 implies that for some Si > 0, Ci < oo, and 
£ < £o < £1, 

E [ \i^{X,)\dLf < i^*Cikoeo\ log£o|. 

Jr<=n[o,cr^(fco)AT+(£o)] 

It follows that, 

P ( / \u{X,)\dLf > c^kos] < iy*Cikoeo\ logeol/ic^koS). (4.32) 

yJr=n[0,a^(fcn)Ar+(£o)] / 

According to (4.30), if Ai holds then C2ko6 < a^{ko)6. Suppose that Cq is so small that we have 
u*Cikoeo\logeo\/{c2koS) < p/2. We have shown that P(supt<^x(fcjj) d(Xt, Yf) < ci) > P{A2) > 
1 — p if £ is small. The same argument applied with in place of ci shows that we can choose e 
so small that P(r+(eo) > cr^{ko)) > 1 - p/2. This and (4.32) imply that P(^i D Aq) > 1 - 2p. 

Wc make ko larger, if necessary, so that by Lemma 4.2 (ii) we have P((7^(2/co) < (ko)) < p/6. 
By the same lemma, we can choose Ca so that P{C2ko5 < {ko)5) > 1 - p/6. Then we can make 
e so small that the same argument that leads to (4.32) gives 

P(/ W{Y,)\dLj > C2kod] < p/6. 

\ir-n[0,<T^(2fcn)Ar+(en)] / 

Recall that P(T"'"(eo) > {ko)) > 1 — p/2. Combining all these estimates, we obtain P{Ai Ci AqD 
Ae)>l- Sp. 

Recall the definition of events Aj and Aj. By enlarging ko, if necessary, and making e smaller, 
we obtain the same estimates for events Aj and Aj as for Aj and Aj, for example, P(A'jnAgn^g) > 
1 - 3p. 

By Lemma 4.1 (ii), for some C3, C4 G (0, 00), 

PiA^r) < Cs exp(-C4(c3 log(/c + 2))^). 

Wc choose Cs so large that ■^((^7)'^) — P- 

Let C4 be the constant called ci in Lemma 3.8. 
We make e smaller, if necessary, so that 

7 = £exp(-C2(fco + k)iAiD) - 75) + 04(1 + (cg log(fc + 2))^)) 

is smaller than the constant in Lemma 4.8, for k > 0. Let C5 be the constant Ci of Lemma 4.8. 
Using the strong Markov property at a-^ {ko + k), and applying Lemma 4.8, we see that for k >0, 



PiiA^)'') < 

C20 



I u{X,)dL 
vr=n[a^(feo+fe),Tfc] 

< [ dLf 

C20 Jr-n[a^{ko+k),n\ 



< ^2^*^7571 log 7l- 
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We make e smaller, if necessary, so that Yl'k=o'^{{^sY) — P- 

We apply Lemma 4.8 to in place of Xt to see that for k >0, 



k\c\ 



C2O 



I 

^rcn[<7^(fco+fc),T*] 



dLl 



< — z^*C5(c3log(fe + 2))27|log7|. 

C2d 

We make e smaller, if necessary, so that J2T=o^(i-^8T) — P- 
We choose C5 G (3/2, 2) and Cq such that, by Lemma 4.6, 



PiiAlY) < e"-^ exp(-C76C2(feo + k){k{D) - 75)). 

By making e smaller, if necessary, we obtain X]fcL-i ■^((^9)'^) — Note that the summation 

index starts from k = —1, not k = (obviously, we can assume that kg > 1). 
Choose a cg G (0, 1). By Lemma 4.9, for some C7, Cg, and A; > 0, 

P((Ajo)" I 4"') < —.C7e^' exp(-C8C2(A;o + k){A{D) - 76)). 

We make e smaller, if necessary, so that X^^^o -^((^9)'^ (^10)'^) ^ P- 

We decrease the value of e once again so that the argument of r"*" in the definition of is less 
than the constant £0 in the statement of Lemma 3.6 for k > ko, assuming that the constant ci in 
Lemma 3.6 takes the value C2S/3. 

By our choice of the parameters we arrive at the following bound. 



P (^Ai n A2 n A3 n A3 n A4 n A5 n Aq n Aq 
n A[ n ^2 n A3 n ^3 n ^4 n n n 2g 

n Pi (A^ n n n A§ n aJq)) > i - 2ip. 

k=0 



(4.33) 



Step 3. We will assume that all parameters have the values chosen in the previous step and that 
all events that appear in (4.33) hold. Given this assumption, we will prove that {log pt)/t G 
[-A{D) - 86, -AiD) + 86] for all t>a^{ko). 

Recall that d{Xo,Yo) = e > 0. First we will deal with the case t = a-^{ko). Since ^3,^43, 
and Aq hold, 

<2a^{ko)6, (4.34) 
and 

<2a^{ko)6. (4.35) 



/ ^{X,)dLf -a''{ko)-^J' v{y)dy 

Jrn[0,a^{ko)] JdD 



rn[o,a^(feo)] 



2D 



v{y)dy 



dD 
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Since Ai and A2 hold, we can use Lemma 3.6 and (4.30) to conclude that 



logp,x(fc„) - (1/2) [ {i^{X,)dLf + u{Y,)dLj) 



(4.36) 



<(c25/3)(fco+L^X(fe„) 

<a''{ko)5. 

This and (4.34)-(4.35) yield, 

log ^^x(fc„) -0-^(^0)777^ / iy{y)dy <5a^{ko)S. 

Since A4 and are assumed to hold, 

logPa^(feo) -^"^(^0)7^ / / l^ogcos a{z, y)\uj^{dy)dz <2a^{ko)S. 
^I-^I jao 

This and (4.36) imply 

log Pa^(feo) -0-^(^:0)777^ / ^iy)dy-(T^(ko)-^ j I \\og cos a{z,y)\u^{dy)d< 

JdD ^\J^\JdDJdD 

< 7a^{ko)S. 



Hence we have \ogp^x(^).^^/a-^{ko) G [—A{D) — 76, —A{D) + 76]. Using events A^ and A^ in place 
of Aj and Aj, we can also prove that log p„x /a-^ {ko — 1) € [— A(D) — 7(5, — A(D) + 76]. 
Suppose that 

logp,x(fc„+,.)/a^(A;o+j) G hA(Z?)-75,-A(Z)) + 7<5] 

for some A; > and all j < k. We will show that the same holds for j = A; + 1. 
The event A^ holds so 



X 



+ -Ljx(fe„+fe) < l + (c3log(/c + 2))2. 

By the induction assumption, 

diX^x^ko+k),ya^{ko+k)) < eexpi-a^iko + k)iA{D) - 76)). 
This, (4.37) and Lemma 3.8 imply that 



(4.37) 



(4.38) 



sup d{Xt,Yt) < £exp(-a^(feo + k){A{D) - 76) + 04(1 + (c3log(fc + 2))^). 

te[cT^ {ko+k),a^ (ko+k+l)] 

This and the assumption that A^ holds show that = {ko + k + 1) <T^. 
By (4.38) and (4.30), 



d(^a^(fco+fe),l"a^(fco+fc)) < £exp(-C2(A;o + k){A{D) - 76)), 
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so the indicator functions in the definitions of events and take values 1. Since these events 
are assumed to hold, we obtain 



/ 



< C2S, 



and 



< C2S. 



/r<=n[o-^(fco+fc),CT^(feo+fc+i)] 
By the induction assumption, these estimates hold for all n = 0, 1, . . . , A; in place of A;, so 



r'=n[o,<T^(feo+fe+i)] 



u{Xs)dL 



and 



< C2{k + l)d, 



< C2{k + l)d. 



'r<=n[o,cr^(fco+fc+i)] 
This, (4.30), and the inequalities in A3 and A3 imply that 

JTn\0.a^(kn+k+l)] ^ JdD 



< 2a^ {ko + k + 1)6, (4.39) 



and 



i^{Y,)dLY - a^(fco + + l)-i- / i^{y)dy 

^l-^l JdD 



< 2a^ ikQ + k + 1)5. (4.40) 



'rn[o,CT^(feo+fc+i)] 

Since Tk = a^{ko + k + l)< and A2 holds, Lemma 3.6 and (4.39)-(4.40) imply that. 



^ogpa^(ko+k+i)-(^^{ko + k + l)-^ [ v{y)dy 

^l-'^l JdD 

< {c2S/S){ko + L^xr.) + 4c7^(A;o + k + l)S 



-'a^{kol 

< ha^{ko + k + l)5. 



(4.41) 



In view of the assumption that A/^^Af, and A-[q hold for all j = 0, . . . , A;, and using (4.30), we 

have 

logPa-^(feo+fc+i) -o-^(A;o + + 1)t^i7T| / / \\og cos a{z,y)\uj^{dy)dz 

^l-^l JdD JdD 

< 2a^ {ko + k + 1)6. 
This combined with (4.41) shows that 

1 



log/>^x (fcg+fc+i) -cr (fco + A; + l 



2\D\ 



v{y)dy 



dD 



- c7^(feo + fe + l)— i-| / / \\og COS a{z,y)\LO^{dy)dz 

^l-^l JdD JdD 



< 7a^ {ko + k + 1)6. 
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In other words, log/9CT^(fco+fe+i)/'^^(^o + k + 1) e [— A(D) — 7S, —A{D) + 76]. This completes the 
induction step. 

We have proved that if the events in (4.33) hold then log/9CT^(/co+fc)/^'''" (^o + ^) G [~^{^) ~ 
7S, —A[D) + 75] for all integer k > 0. We will extend this claim to all real t greater than some 
ti < oo. By Lemma 4.2 (ii), limfe^oo cr^(^o + k + l)/a-^{ko + k) = 1, a.s. Lemma 3.8 and (4.37) 
imply that for t G [cr^ {ko + k),a-^ {ko + k + 1)] we have 

logpt - logp^x^ko+k) < C9(l + (c3 log(A; + 2))^), 
logPa^(feo+fe+i) - log ft < C9(l + (C3 log(A; + 2)f). 

These observations easily imply that for some ti < oo and all real t > ti we have (logpt)/i G 
[—A{D) - 86, -A{D) + 86] . Recall from Step 2 that this holds with probability greater than 1 - 21p. 
Since p and 6 are arbitrarily small, the proof is complete. □ 
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